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Abstract

This study presents a comprehensive numerical investigation of radiative heat transfer and flow dynamics
involving Maxwell and Casson nanofluids flowing past a vertically aligned plate, incorporating the effects of
internal heat generation. These non-Newtonian fluids exhibiting memory and yield stress behaviors are examined
to understand their influence on velocity, temperature, and concentration profiles under coupled thermal and
solutal gradients. The governing partial differential equations representing momentum, energy, and mass
conservation are transformed into coupled nonlinear ordinary differential equations using similarity variables.
These are solved using the fourth-order Runge-Kutta method with a MATLAB-based shooting technique. Key
dimensionless parameters such as the Prandtl number, Grashof number, Biot number, heat source parameter,
Nusselt number, Sherwood number, and skin friction coefficient are analyzed. The results show that internal heat
generation significantly increases fluid temperature and velocity while reducing nanoparticle concentration and
thermal transfer efficiency. Furthermore, elevated Biot numbers and thermal radiation broaden the thermal
boundary layer, adversely affecting heat transfer. These findings have practical implications for engineering
applications such as electronic cooling systems, chemical reactors, biomedical devices, and thermal insulation
design. The insights gained enable improved modeling and thermal regulation in systems requiring efficient heat
and mass transfer under non-Newtonian fluid behavior and internal heat sources.

Keywords: Casson Fluid, Nanofluid Flow, Radiative Heat Transfer, Skin Friction Coefficient, Nusselt Number,
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Introduction

This study investigates the convective heat transfer characteristics and flow behaviour of Casson nanofluids over
a vertically aligned plate, incorporating the influence of an internal heat source. Understanding the interplay
between fluid dynamics and nanoscale particles, first introduced by Choi and Eastman (1995) in their definition
of nanofluids is critical for improving the thermal performance of advanced systems such as electronic cooling
devices, thermal reactors, and biomedical heat exchangers. The Casson fluid model, initially formulated by Casson
(1959), describes a non-Newtonian fluid exhibiting yield stress behavior, making it especially relevant in practical
applications involving shear-thinning materials.

The inclusion of internal heat generation adds complexity to the flow and energy transport mechanisms, thereby
warranting a detailed examination of its effects on velocity, temperature, and concentration profiles. Casson fluids
non-Newtonian in nature exhibit shear-thinning behavior, characterized by infinite viscosity at zero shear rate and
zero viscosity at infinite shear rate. These fluids are particularly relevant in industrial sectors such as automobile
manufacturing, power generation, energy systems, and medical applications. While much research has focused on
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Newtonian fluid dynamics and classical nanofluid models, this study contributes by assessing how Casson fluid
behavior under heat-generating conditions affects convective transport processes. The current investigation is
grounded in a robust computational approach, using a fourth-order Runge-Kutta method with a shooting technique
to solve the governing nonlinear boundary value problem.

The rheological behaviour and industrial relevance of non-Newtonian fluids like Casson fluids were first
highlighted by Blair (1959), laying the foundation for subsequent studies on their thermal and flow properties.
Over the years, numerous investigations have explored Casson nanofluid dynamics under various physical
conditions. Choi and Eastman (1995) introduced the concept of nanoparticle-enhanced fluids, establishing the
groundwork for nanofluid heat transfer research. Pramanik (2014) and Arthur et al. (2015) analyzed Casson fluid
motion over porous or stretching surfaces, incorporating chemical reactions and magnetic fields. Hussain et al.
(2015) and Ullah et al. (2016) extended this to MHD boundary layer analysis, while Vijayaragavan and Kavitha
(2017) included thermal radiation and heat source effects. Hayat and Nadeem (2017) examined hybrid nanofluids
(Ag-CuO/water) for enhanced heat transfer, while Swarnalathamma (2018) studied MHD flow with thermal slip.
Dawar et al., (2018) focused on radiative heat transfer in rotating CNT-filled Casson nanofluids. Faraz et al. (2019)
analyzed axisymmetric Casson nanofluid flow with unsteady stretching and magnetic effects.

Anwar et al. (2019) applied the Keller-Box method to Casson nanofluid flow over nonlinear inclined surfaces,
incorporating Soret and Dufour effects. Oke et al. (2020) considered Coriolis forces acting on non-Newtonian
fluids over rotating surfaces. Gbadeyan et al. (2020) investigated the influence of thermal conductivity and
viscosity on Casson nanofluid flow under convective heating and velocity slip conditions. Kigio et al. (2021)
addressed the effect of volume fraction and magnetic fields on Casson nanofluids, while Anwar et al. (2021)
studied unsteady MHD convection flow with heat injection and thermal radiation. ShanthaSheela et al. (2021)
conducted a comprehensive review of MHD nanofluid flow under thermal radiation, and recent contributions by
Koriko et al. (2018) and Oyem et al. (2021) further advanced the modeling of Casson nanofluids under diverse
boundary conditions. Collectively, these studies provide a strong foundation for the present work, which
distinguishes itself by integrating internal heat generation effects in a Casson nanofluid flow scenario over a
vertical plate addressing both thermal and solutal boundary layer behaviour using computational simulations.

Material and Methods

Examining a stable, two-dimensional steady, incompressible laminar flow involving magnetohydrodynamic
(MHD) free convection of a Casson-type nanofluid influenced by a heat source along a vertically oriented surface
is considered. The fluid under study is a Casson nanofluid, composed of a base fluid and nanoparticles, is assumed
to move over a vertical plate and is subjected to a convective heating boundary condition. In this scenario, the
flow is oriented along the x-axis in the upward direction, while the y-axis is perpendicular to the plate. The
magnetic field Bo is applied normal to the flow direction, as illustrated in Figure 1. The effects of induced
magnetic field and viscous dissipation are neglected. Here, Tw and Cw indicate the temperature and concentration
on the plate surface, while Too and Coo represent the temperature and concentration of the surrounding fluid. In
accordance with Boussinesq's approximation, the governing partial differential equations for the flow with a heat
source is provided as follows:
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The conditions at the vertical plate and in the free stream are defined by
= = — 6_T = — = =
u=ax,v=0, —k; > = hy (T, = T),C=¢, (x)aty=0. (2.14)
u—0,T>Te , C—C_ as y—oo. (2.15)

Let u and v represent the velocity components in the x and y directions, respectively, with p being the viscosity,
nf the nanofluid parameter, and bf the base fluid of the Casson nanofluid. By applying stream functions u =
oPlox and v = -Ayldy, with assigned values of u = axf’(n) and v = Yav f(n), the continuity equation (1) is
satisfied. To facilitate computation, the thermal conductivity, density, viscosity, and specific heat capacity of the
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nanofluid are defined based on the works of Yang et al. (1996), Pak and Cho (1998), Maiga et al. (2004), and
Kigio et al. (2021). Further simplifying the mathematical problem (2) — (6), the following similarity variables are
introduced: 7 = yNav; ¢ = Nav xf(); T = Too + (Tw — To0)8(n); € = Coo + (Cw — Co0)p(n). (2.16)

Utilizing equation (2.6), equations (2.1) — (2.5) undergo a transformation into a set of coupled nonlinear ordinary
differential equations:

Bnf af (df\* | cd?f Cnp9f _
e (1+ ) - (dn) +15L+ 66 + 61,0 - ML =0 (2.17)
da2e n 2g\? 2
d— (prf + N, 2 - ) - Nt( ) + Prec (p:fyfbf (‘Z?) + M (%) )+PrQ9 =0 (2.18)
d?¢ Ny d26
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Rewrite while mamtalnmg the boundary conditions that lack dimensional units
£(0) =0, —(0) =1, —(0) =-Bi(1-6),9(0) = 0 (00)—>0 6(0) -0, @(0) -0 (2.20)

The nonllnear ordlnary differential equations (2. 17) to (2.19), along with boundary conditions (2.15), are
expressed. The notation prime (') denotes differentiation with respect to n. In the equations, Grt =

w represents the thermal Grashof number, while Grs = 8B-(CW=C) | 1dicates the Grashof number related

a22x
to concentration differences. Schmidt number is represented by Sc = — , The Eckert number is given as Pr = —2£

, The Prandtl number denoted Pr quantifies the ratio of kinematic wscosﬂy to thermal diffusivity. M stands for
BZ

Tnf 7 , The Brownian parameter, Nb = ;D—B , While the
nf

the magnetic field parameter, expressed as M=

Pnf
Thermophoretic parameter, Nt, is TDT(Tw—Tow)/(anfT). Bi is the Biot number, defined as i f/(kooVav). Q
represents the heat source parameter, calculated as g/p. Finally, Rex is the Reynolds number, given by v0x/v. [
The methods for determining the Nusselt and Sherwood numbers are outlined below:

The coefficient of friction,C; = —*—= 2 o (2.22)
aT
The Nusselt number Nu= x Tw‘%w = IZ—’;’: = % ly=o0 (2.23)
The Stanton number Sh = — == (2.24)
Re v¥
X 0

Results and Discussion

The nonlinear ordinary differential equations (2.17) to (2.19), along with the dimensionless boundary conditions
specified in equation (2.15), are tackled employing the shooting technique together with a fourth-order Runge-
Kutta routine, the equations are solved numerically. The simulations are conducted utilizing MATLAB software.
To simplify the equations (2.17) to (2.19), the equations are reformulated as a system of first order ordinary
differential equations. This transformation involves defining new variables: y; =f, y,= f', ys= ", v,=60 , ys=
0", v6 =9, y,= 9,

ro— ro_ 1 — PnfUbfV

Yi=y2 Y2 =y, 5= s (V1ys = ¥+ Griya + Griye — Mys)

Yi=Ys (3.1)
A HUn

¥s=[Pr (35 I Y3+ MEcy + Qs) + Noyrys + Ny2| (32)

Y6 =Y7

o Nt
Y7 =-SCy,y7 - Ny Vs
Subject to the specified initial conditions:
y1 (0) =0, ¥, (0) =1, y3 (0) =s1, ¥4 (0) =52, ¥5 (0) = -bi[1 — y, ], ¥ (0) =0, 7 (0) =s3, ¥, ()=0
Y4 (0)=0, ye (0)=0.
The numerical calculation employs a step size of An=0.001, chosen to meet the convergence requirement of 10"-
5. The plate surface temperature 0(0), skin-friction coefficient f"(0), Nusselt number —0'(0), and Sherwood number
—¢'(0) are determined and their numerical outcomes are summarized in Table 1, along with the heat source
parameter.
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Table 1 Construct the computational behavior of the skin friction (Re~*/2C;), Nusselt Number (Re~'/2N,,) and
Sherwood number (Re~/25,) with respect to varying values of the Heat Source parameter Q, while maintaining
fixed values for the parameters:
Grt = 1,6rs = 3,M = 3,9 = 0.01,P. = 7.62,Ec
= 0. =

. = 01,N, = N, = 0.1
62, Bi 0.1,andy = 1.

Sc
Q (Re™'/2Cp), (Re 12N,), (Re '/2sh),
0.1 -0.4372 -0.0794 1.2861
0.3 0.0611 -0.2951 1.3202
0.5 0.5586 -0.5224 1.3628
0.7 1.0533 -0,7521 1.3987
0.9 1.5407 -0.9868 1.4325
1.1 2.0214 -1.2237 1.4613
1.3 2.4967 -1.4615 1.4875
15 2.9681 -1.6982 1.5122
1.7 3.4360 -1.9345 1.5358
1.9 3.9009 -2.1701 1.5585

The numerical simulations, conducted for various Simulations are performed for heat source parameter values of

Q = [0.1,0.2,0.3,0.5] provide insights into the impact of thermal energy generation on flow behavior, heat, and

mass transfer. The key parameters held constant in these analysis,includes:
Grt = 1,6rs = 3,M = 3,9 = 001,P. = 7.62,Ec = 0.1,N, = N, = 0.1

Sc = 0.62,Bi = 0.1,and y = 1. as adopted from Kigio et al. (2021).

Figure 1 shows that the skin-friction coefficient Re‘l/ZCfincreases significantly with Q, changing from negative
at Q=0.1 to positive at Q=0.5. This indicates enhanced surface shear due to thermally driven acceleration of the
fluid layers near the wall.

In contrast, Figure 2 demonstrates that the Nusselt number Re /2N, decreases monotonically with increasing Q,
implying a reduced thermal gradient at the boundary. This result is physically consistent with the internal heat
source counteracting external thermal conduction, leading to weaker thermal exchange at the boundary layer
interface.

Figure 3 illustrates an increasing trend in the Sherwood number Re~%/2Sh, confirming that higher internal heating
enhances mass transfer, likely due to elevated molecular motion and thermophoretic effects.

Figures 4 to 6 further support these outcomes, showing that velocity and temperature profiles grow with Q, while
concentration profiles diminish. The thermal input boosts kinetic energy and temperature in the boundary layer,
but also causes species dilution, reflected by rising Sherwood numbers.

Finally, Figures 7 to 9 examine Variation in velocity and concentration fields as a function of Prandtl number both
decline with increasing Pr, as reduced thermal diffusivity hinders flow development and species mixing. The
temperature profile, however, displays a non-monotonic trend initially increasing then decreasing away from the
plate revealing a balance between energy retention and diffusion. This complex behavior highlights the dual role
of Pr in moderating both thermal storage and energy transport.

This integrated analysis demonstrates how varying heat source and fluid properties dynamically influence
momentum, heat, and mass transfer characteristics in a thermally reactive boundary layer flow.

This study assumes constant properties, laminar steady-state flow, and neglects transient effects, wall roughness,
and 3D geometries factors that may influence accuracy in practical systems. The flat plate assumption also limits
generalizability.

Nevertheless, compared to previous studies (e.g., Das et al., 2018; Gbadeyan et al., 2020), the results align in
showing reduced heat transfer with internal heating and contribute new insights into non-Newtonian behavior.
These findings support optimized designs in applications like electronic cooling, biomedical systems, and
chemical reactors where heat and mass transfer regulation is crucial.
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06 Skin-Friction Coefficient vs. Heat Source Q
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Figure 1: Figure 1: Skin-Friction Coefficient vs. Heat Source Q Flow velocity distributions for Q with Grt =
1; Grs = 3;
M = 3; Pr = 7.62; Ec = 0.1; Nt = Nb = 0.1;Sc =062;Bi =01;,n=2;y =1

0.05 Nusselt Number vs. Heat Source Q

Re "2 Nu

_0.55 1 1 1 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Heat Source Parameter Q

Figure 2: shows a monotonic decrease as Q profiles for Q with Grt = 1; Grs = 3; M = 3; Pr =
7.62; Ec = 0.1; Nt = Nb =0.1;Sc =062;Bi =01;,n=2y=1
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137 Sherwood Number vs. Heat Source Q
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Fig 3: The graph shows that Re~/2Sh increases with rising heat source parameter QQQ, indicating enhanced
mass transfer due to stronger internal heat generation.
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Fig4. The graph shows that Re ="/ 2C; increases linearly with the heat source parameter QQQ, indicating that heat
generation enhances the skin friction coefficient.

Nusselt Number vs. Heat Source Q
‘0-05 T T T T T T T

Re " Nu
o)
w

_0-55 1 1 1 1 1 1 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

_ Heat Source Parameter Q
Fig 5: The graph shows that Re~'/2N, decreases linearly with an increase in the heat source parameter Q
indicating that heat  generation reduces the rate of heat transfer.

137 Sherwood Number vs. Heat Source Q
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Fig 6: The graph shows that the quantity Re ~*/2Sh increases linearly with the heat source parameter Q, indicating
a positive correlation between heat generation and Sherwood number behavior.
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Skin-Friction Coefficient vs. Heat Source Q
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Fig 7 : The graph shows that Re~'/2C; increases with rising heat source parameter QQQ, indicating that internal
heat generation intensifies surface shear stress due to enhanced fluid acceleration near the wall.

6.05 Nusselt Number vs. Heat Source Q
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Fig8: Shows that Re~'/2NU decreases linearly with increasing heat source parameter Q, indicating a decline in
heat transfer efficiency as internal heat generation intensifies.
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Fig 9: The graph illustrates that Re~'/2Sh increases linearly with the heat source parameter Q, indicating
improved mass transfer as internal heat generation intensifies.

Conclusion

This study presented a comprehensive assessment of convective heat and mass transfer in Casson nanofluid flow
over a vertically aligned plate, incorporating the effects of internal thermal energy generation. The nonlinear
governing equations derived from conservation of mass, momentum, energy, and species were solved using the
fourth-order Runge-Kutta method with a shooting technique. Parametric investigations were conducted to assess
the influence of key dimensionless numbers on velocity, temperature, and concentration distributions. The results
demonstrate that increasing the heat source parameter significantly enhances skin friction and mass transfer
(Sherwood number), while reducing heat transfer performance (Nusselt number), indicating a trade-off between
momentum diffusion and thermal efficiency. Velocity profiles exhibited thinning under elevated Prandtl and Biot
numbers and higher nanoparticle volume fractions; however, internal heat generation counteracted this thinning
effect. The thermal boundary layer expanded with stronger heat source input, increased Biot number, and
nanoparticle concentration, yet contracted under higher Prandtl numbers. Similarly, solute concentration
decreased with increasing heat generation, Biot number, and Prandtl number, but increased with nanoparticle
volume fraction. These insights have practical implications for the design and optimization of thermal
management systems in microelectronic cooling units, chemical process reactors, solar thermal collectors, and
biomedical heat exchangers, where precise regulation of temperature and concentration gradients is critical.
Specifically, the ability to enhance mass transfer without significantly increasing thermal load is valuable in
systems where thermal insulation and efficient species delivery are desired.

Recommendations

1. Future research should focus on experimentally validating the current numerical findings, particularly
under diverse thermal boundary conditions and using real nanofluid suspensions. Incorporating
experimental data will enhance the reliability and applicability of the model.

2. Furthermore, the investigation of other non-Newtonian fluid models—such as the Carreau and power-
law models—along with hybrid nanofluids, could provide more comprehensive insights into thermal
performance enhancement.

3. To further improve practical relevance, future studies should also consider transient behavior, three-
dimensional geometries, and turbulent flow regimes, which more accurately reflect real-world
engineering conditions.
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