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Abstract

This study explores a mathematical model to analyze the transmission dynamics of tuberculosis (TB), focusing
on Drug-Sensitive TB (DS-TB) and Drug-Resistant TB (DR-TB). The study adopted a deterministic (SEIR)
model where each compartment represents a distinct stage of the epidemic and the population's members are
assigned to them (the immunized, susceptible, latently infected, infectious, and recovered compartments).
Parameters such as transmission rates, treatment efficiencies, and vaccination coverage are incorporated into the
model. Equilibrium analysis identifies a Disease-Free Equilibrium (DFE), and solutions are shown to be
biologically feasible, bounded, and unique. Findings indicate that improved treatment efficiency and higher
vaccination coverage lower the basic reproduction number (Ro) and mitigate TB spread. It is recommended that
the government strengthen vaccination programs to maintain high coverage, particularly for newborns, and
enhance treatment strategies to improve recovery rates.
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Introduction

Through quantitative analysis and abstract thinking, mathematics is a foundational science that investigates
relationships, structures, and patterns. A strong tool for critical thinking and problem-solving is mathematics.
Mathematics, according to Nwuke, & Anaekwe (2023), is the systematic and abstract study of numbers,
amounts, forms, structures, and patterns, as well as their characteristics and manipulation. Models might have a
mathematical, computational, or conceptual basis. A collection of differential equations that characterize the rate
of change of each of these variables over time can be used to mathematically construct a model to identify
patterns, relationships, and the behavior of mechanisms. WHO (2021) defined a model as a simplified
representation of a system or phenomenon that is used to understand, predict, or control behaviour. Analysis is
the methodical inspection and assessment of data or systems, frequently with the aid of statistical or
mathematical techniques (Centers for Disease Control and Prevention, 2018).

In epidemiology, mathematical modeling is a vital tool that sheds light on the mechanisms underlying disease
transmission and the possible outcomes of public health initiatives. Understanding the transmission dynamics of
tuberculosis (TB) is crucial for developing effective control strategies and mitigating its spread within
populations (Pai & Schito, 2019). TB is primarily transmitted through the inhalation of respiratory droplets
containing Mycobacterium tuberculosis (Mth) expelled by individuals with infectious pulmonary TB during
coughing, sneezing, or speaking (Pai & Schito, 2019). These droplets can remain suspended in the air for
prolonged periods, potentially infecting others who inhale them (Pai & Schito, 2019). Individuals with active
pulmonary TB disease are the most infectious (Pai & Schito, 2019). However, not everyone exposed to Mth
becomes ill. Many individuals develop latent TB infection (LTBI), where the bacteria are present in the body
but are not actively multiplying or causing symptoms (Cohen et al., 2019). Latently infected individuals are not
contagious but have the potential to develop active TB disease in the future (Cohen et al., 2019). Factors such as
compromised immune function or other illnesses can lead to the reactivation of latent TB infection, resulting in
the development of active TB disease (Cohen et al., 2019). Active TB is characterized by symptoms such as
cough, fever, weight loss, and night sweats, and individuals with active TB can transmit the infection to others
(Cohen et al., 2019). Several factors increase the risk of TB transmission and progression from latent infection
to active disease, including close and prolonged contact with infectious individuals, overcrowded living
conditions, poor ventilation, malnutrition, and comorbidities such as HIV infection (Dowdy et al., 2019).

Tuberculosis (TB), an infectious disease primarily caused by the bacterium called Mycobacterium tuberculosis,
continues to be a global public health issue, particularly in low- and middle-income countries. Despite
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significant advances in control measures, TB remains a leading cause of morbidity and mortality worldwide,
with millions of new cases reported annually (WHO, 2021). According to Khan et al. (2019) Tuberculosis (TB)
is a contagious bacterial infection that is caused by a bacillus mycobacterium TB (MTB). TB is still a first-class
public health challenge and remains the major cause of deaths at the global level, especially in low and middle
income countries. Due to its high rate of mortality, this infection is listed in the 10 most causes of deaths in the
world. Despite advancements in diagnosis and treatment, TB continues to pose a major global health challenge
Drug-sensitive TB (DS-TB) refers to TB strains that respond effectively to first-line anti-TB medications, such
as isoniazid and rifampicin. These treatments, typically administered over a 6-month regimen, have high success
rates if adhered to correctly. DS-TB remains the most common form of TB and is usually curable with proper
diagnosis and adherence to treatment. Drug-resistant TB (DR-TB) occurs when TB bacteria develop resistance
to one or more anti-TB drugs. This is often due to improper use of antibiotics, incomplete treatment, or
transmission of resistant strains. Types of DR-TB include: Mono-Resistance, Poly-Resistance etc.

Tuberculosis (TB) remains a significant global health burden despite advancements in diagnosis and treatment.
Challenges persist in addressing drug sensitive TB (DS-TB) and drug-resistant TB (DR-TB). Numerous control
methods, including vaccination, public health campaigns, and standard treatment protocols, have struggled to
stop the spread of TB, owing to intricate factors influencing its dynamics. Mathematical modeling of TB
transmission dynamics is a valuable tool for gaining deeper insights into these mechanisms and can lead to more
effective TB control strategies and ultimately reduce global TB incidence. The aim of this study is to use a
mathematical model to analyse the transmission dynamics of tuberculosis (TB) in a populations and identify the
parameters that will facilitate the spread and those that will impede the spread of tuberculosis TB

Model Formulation

The study adopted a deterministic model where each compartment represents a distinct stage of the epidemic
and the population's members are assigned to them. The Susceptible-Exposed-Infected-Recovered (SEIR)
model, which takes into account newborns who are passively immune will be considered in this study.

Table 1 Description of Model variables with passive immunity, drug-sensitive TB and drug resistant TB.

Variables Description
M® the number of individuals who are immunized against TB through vaccination at time t.
S(t) the number of susceptible individuals at time t.
Es(t) the number of latently infected individuals with Drug-Sensitive TB at time t.
Er(t) the number of latently infected individuals with Drug-Resistant at time t.
Is(t) the number of infectious individuals with Drug-Sensitive TB at time t
Ir(t) the number of infectious individuals with Drug-Resistant TB at time t
Rs(t) the number of recovered individuals with Drug-Sensitive TB at time t
Rr(t) the number of recovered individuals with Drug- Resistant TB at time t

Table 2: Description of Model Parameters with passive immunity, drug-sensitive TB and drug resistant
TB.

Bs the transmission rate of Drug-Sensitive TB

Br the transmission rate of Drug-Resistant TB

T the recruitment rate

rl the treatment efficiency of Drug-Sensitive TB
r2 the treatment efficiency of Drug-Resistant TB

c proportion of new births that have been immunized through vaccination
0 the rate of expiration of vaccine efficacy

R the probability of Drug-Resistant TB emerging during treatment

u natural mortality rate
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v progression rate from latent TB to active TB for both DS-TB and DR-TB cases
uT mortality rate due to TB

pS the proportion of new infections that produce active TB for DS-TB Cases

pR the proportion of new infections that produce active TB for DR-TB Case

The following model proposed by Momoh, et’al (2019). is considered in this study of TB transmission
dynamics.

Model Equations

- =on—(6+ M, M(0) = M, 3)

S = (1= o)+ OM — (Bl + frlz + WS, S(©0) =S, @)

& = (1 - ps) Bl — (v + WE, E(0) = Eq, 5)

% = (1 — pr) BrlrS — (v + WEk, Er(0) = Eg, (6)
O = PsBalsSs +VEs = (i + pur + k)ls, 150) = Is, @)

dde = prBrlrSg + VER + 1orls — (1 + pr + 1)Ig,  1R(0) = Ig, (8)

8 = 1, (1 = 1)l — pRs, R,(0) = Ry, ©)

= 1ile = Ry, Rg(0) = Rg, (10)

dt

Model Analysis
In this section, the conditions for the existence of equilibria of the system was explored.
Existence of invariant region
From the model equations (3.3) — (3.10), the total population is given by
N=M + S+ Eg+ Eg+ Is+ Iz + Rg + Ry
hat i dN dM dS dEs dEp dlg  dlz  dRs  dRg
A g =g T Tar T e Tar T ar Tar T ae
Therefore, adding the differential equations, we have

CCII_IZ: TL-_#(M + S + ES + ER+ Is+ [R + RS + RR)_MT(IS+ IR)
dN

gf = TTHN- trUs + Ig)

d—N< T — uN

dt —

By using of integrating factor, it is given that
s
N(t) < N(0)e ™t + ;(1 L)

N <+ (N(0) = Dyent
u u

lim N(t) < =
m S —
u

;15 lim e Mt

So ';hat ati » oo, N(t) < E
The region in which the model makes biological sense is given by
Q:{M,S,ES,ER,IS,IR,RS,RRei8+ M+ S + Es + Ex+ I+ I + Rg + Rg sg}

This means that every solution with initial condition in Q remains in Q for all t >0. Therefore, the region £, the
model is biologically feasible, mathematically well posed and positively invariant.

Disease Free equilibrium state

At equilibrium, setting equations (3) — (10) to zero gives

or— (@ +wWM=0 (11)
(1=0)m + M — (Bsls + PrlIzg + WS =0 (12)
(1=ps) BsIsS — (v + WE; =0 (13)
(1=pr) BrIgS — v+ WERr =0 (14)
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psPslsS + vEs — (# +u + Aul)IS =0 (15)
PrBRrIRS + VER + 1orls_ (1 + pty + py)Ig = 0 (16)
(1 —7r)rly —uR; =0 @an
rlg —uRg =0 (18)

Following equations (11) — (18) the disease — free equilibrium is given as

. _ (on m(@+pu—po)
state:E, = ( P 0,0,0,0,00)

Positivity and Boundedness of solutions

Lemma 3.1 The zeros of the system of equations (3) — (10) {M, S, Es, Eg, L5, Iz , Rg , and Ry} with initial
condition {My, S10, s, Er14r Is1 IR 10 Rs10 Rrye = 0}€ A Will remain positive V time ¢ > 0.

Proof. From equation (3),

< -6 +wiM

= M > SMy e Jl@+wldt > ¢ Vt>0
Similarly, equations (4) — (10) show that v ¢t > 0,
S > S ,e” [BslstBrIRt)dt > 0 F_ > Esloe—f[(vw)]dt >0, Ep > ERwe—f((Wﬂ)dt >0, I, >
IS10ef[(PsﬁsSs)—(#+#T+#z)]dt >0, > IR103f[(PRﬁRSR)—(#+#T+T1)]df > 0 and

Rg = R, e~/ #4t > 0, Ry > 0, Ry e~ Hat

Existence and Uniqueness of Solution To determine the
conditions for the existence and uniqueness of solution for the model equations (3) — (10), let
h(t,m)=0om— (0 + WM (19)
hy(t,m) = (1 —o)w + M — (Bl + Brlg + 1S, (20)
h3(t' x) = (1 - Ps) ﬁs[s - (V + H)Es: (21)
hy(t,m) = (1 — pg) Bsls — (v + WER, (22)
hs(t' m) = pSﬁsIsSs +vEs — (.u +ur + .UZ)IS- (23)
he(t,m) = prPrlgSr + VER + 1orls — (U + pur + 1)l (24)
h;(t,m) =1,(1 —1r)Is — uRs (25)
hg(t,m) =1 Ig — uRg (26)
Such that
‘;—T = h(t,m) = h(m). 27)

Theorem 3.1 Let A represent the region
|t - tol S kl’ ”m - mO" S kz, and m = (mll mz, ...,mn) = (mlo,mzo' ...,mno) (28)
with h(t, m) satisfying the Lipschitz condition
lR(t, my) — h(ty, mo)ll < kllmy —myl| (29)
for (t,m,) and (t;,m;) in A and k > 0. Then, there exists a constant § > 0 such that a unique continuous
vector solution m(t) of equations (19) — (26) exists in |t — ty| < 6.

;:1", i,j =1,2,..,nis continuous and bounded in A and fulfilled the condition in equation (30)
J

Lemma 3.2. If h(t, m) is continuous and has partial derivative % on a bounded closed convex domain R, then

]
it satisfies a Lipschitz condition in R.

The region of interest is given by

1<e<R (31)
and bounded solution of the form below is sought for:
O<R<w (32)

Below is the proof of the existence theorem:

Theorem 3.2: If A represents the region defined in (29) such that (28) and (31) hold, then 3 a solution of the
model equations (19) — (26) bounded in the region A.

Proof. Considering equations (19) — (26),

It will be shown that the continuity of %,i =j=1,2,3,45,6,7,8 exists. Differentiating h; partially with
respectto M, S, Es, Eg, Is, Iz , Rg , and Ry, give:

dh; dh;

=0+ W, 5] = =16 + w1 < o0 (33)

oh; ohi| _

g—s_o, T =10] < oo (34)

hi _ Ohi| _

ars = O [Fee] = 101 <0 (35)
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dh; _
0ER -
dh;

dls -
Oh; _
dIR -
oh;
ORg -
dh; _
dRR -
Also,
dh,
oM
dh,
o5 = —Bsls + Brlr + 1),

ohy _

0Es
dhy

0ER

ahn

ﬁ =—(Bsls +Pr+ 1) S,

oh

61_2 =—(Bsls + Pr+ 1) S,
R

on, _

ars O

0h,

=0,
ORR
Similarly,
ans _

gM

h

_3 - (1 ps)ﬁsls )
6h3

s = VW,

dhs
dER
dhs

615
ohs
dIR
6h3
ORg
6h3 _
ORR =0 ’
Furthermore,
ah

4= 0,

gM
h

_4 =—1 - pg) Brlg ,
6h4 —0

J0Eg
==V + ),
=0,

’

’

=0,

’

’

)’
’

=0
=0,
=0
=0

’

0ER
Ohy
dls
dh
4 - (1
dIR
Ohy
ORg
oh
4 — 0 ,
ORR
Likewise,
Ohsg _
am
ahs _
e — Ps Bs s
6’7.5 _
JEg -
oh
—= =0 ,
0ER

oh
—5 = ps BsS — (u+ pg + 1)1,

— Pr) BrS
=0,

’

’

|ah‘|_|0|<oo
|ah‘|—|0|<oo
|ahl 0] < oo
[rg] =101 <
|ah‘|_|0|<oo
] =101 <
:sﬁ = |Bsls + Brlg + u| <
] =10l <0
22) = o <o
52| = 1085 + Bali + )81 < o0
|52 = 1= (Bsls + By + S| < o0
i =0 < oo
2]~ o1 <
- ol <o
22| = |[(1 - py)Bs ]| < o0
%§=PW+MKw
|52 = 10l < 0
=101 <
ZILI:=|0|<00
%=|0|<oo
%=|0|<oo
[52] = 101 < e
24| = |(1 - pr) Brlel <
;’%;=|0|<oo
S| = -l Wl <o
2] = o1 <o
T =10 = pr) BaS| < o0
g}%=|0|<oo
[ = 10l < 0
o] = ol <o
[%2| = 1ps Bels | < oo
|5 = vl < oo
o =10l <o
o] = 11ps BoS = G+ pa + L] < o0

(42)

(50)

(58)

(62)

(66)

(69)

(36)
37)
(38)
(39)
(40)

(41)

(43)
(44)
(45)
(46)
(47)
(48)

(49)

(51)
(52)
(35)
(54)
(55)
(56)

(57)

(59)
(60)
(61)

(63)
(64)

(65)

(67)
(68)
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Ohs Ohs

o, 22 = 0] < o0 (70)

;%”=0. |;%5=|0|<oo (71)

2= =0, 25| = 0| < o (72)
R R

Analogously,

dhs ohe| _

5 =0 |§M =10 < oo (73)
h h

6_36 = pr Brlr 6_36 = |pg Prlg | < o (74)

Ohg _ Ohe| _

=0, o5e| =101 < oo (75)

o =, 2ol = |y < o0 (76)
R R

e =y, 8| = Iryrl < o0 (77)
S S

oh dh

e = PrBrS = (u+ py + 1), el = PR BrS = (u+ pr + 1))l <0 (78)

dhg dhg

e _ 9, el = 10] < o (79)

OR OR

e _ 0 e _ 0] < o0 (80)

ORR ! ORR

Correspondingly,

oh; _ ony| _

=0 |§M = 0] < o (81)
hy _ ﬁ _

g_s_o’ |%S =10] < o (82)
hr _ h7| _

=0, 55| =101 <o (83)

h; ohy | _

=0, |BER = 0] < oo (84)

E=n-n T =ma-nl<e (85)

Oh7 _ ohy| _

=0, |a1R =10] <o (86)

oh; Ohs| _ _

% ) ?31;5 =—lul < (87)
7 g7 —

2~ [52] = 10l < e (88)

Finally,

Ohg _ % _

Tl |3M = 0] <o (89)

Ohs _ Ohg| _

as = 0, o5 = 0] < e (90)
hs _ Ohs| _

=0, [5e] = 101 < o0 (01)

=0, 28] = j0] < oo 92)
R R

=0, Zal = 0| < o0 (93)
S S

e=m, T =Inl < (94)

hs _ Ohg| _

ORg - 0' |6R5 - |O| <® (95)

ohg _ ohg | _

ORR =K |aRR - |”| < (96)

The partial derivatives (33) — (96) of the right hand side of (3) — (10) with respect M , S, Es, Eg, Is, Iz , Rg , and
Rgrare continuously differentiable and bounded. Hence, by Theorem 2, it is locally Lipschitz, therefore, M(t),
S(t) , Es(t) , Ex(t), Is(t), Ix(t) , Rg(t) , and Rg(t) is a unique solution to the system of equations (3) — (10)
with the initial conditions My, S10, Es, o Ery g sy IR10 Rs19 Rr1o 1N the region A,

Basic reproduction number

The basic reproduction number for both drug sensitive TB and drug-resistant TB is denoted byR,; and R,z
respectively. It is defined as the average number of secondary infections infected by an infective individual
during an infective period provided that all members of the population are susceptible.

The next generation matrix technique by Diekman and Heesterbeck (2002) was applied to obtain the basic
reproduction numbers, R, and R, by considering the drug sensitive infected compartments of the system (3) to
(10). That in equations (5), (6), (7) and (8).

Reproduction number for drug — sensitive TB
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From equation (5) and (7) it is given that

E = (1= ps)PslsS — (v + WE;

E = psPslsS + VEs — (U + py + py)1s

Evaluating F and V, which are the Jacobian matrices of F and V, respectively at disease free equilibrium E,
gives

0 (1= ps)Bsm(6 + pu — pub) v @+ 0
F= n® + w vt pt+u)
Pspsm(8 + u—p6) '
w6 +p)

The spectral radius p(FV 1), which is defined as the largest eigenvalue of FV =1 is obtained. Thus the basic
reproduction number for drug sensitive TB, R is
— U(l - ps)[)’ST[(Q +u— ,ucr) PsBsm(6 + p—po)
P op@+W@tWptur ) w@+ Wt prt+ry)

Reproduction number for drug-resistance TB
From equations (5) and (7) we have

—r = (L= Pr)BrlrS — W+ WEg
dl
d_: = ppBrIgS + VER + 1orly — (u + pur + uly

We evaluated F and V are evaluated, which are the Jacobian matrices of F and V, respectively at disease free
equilibrium E, to get

0 (1= ps)Brm(0 +u— .Ug)l
_ u(® + ) _[@+w 0
F_[O Psprm(6 + u-u6) andv_[ -V (u+ur+u1)]
n(® + )

The spectral radius p(FV~1) is obtained and the basic reproduction number for drug resistant TB, R,y is
vl = pgr)Brm(0 + 1 — po) PrPr(0 + 1 — po)

T u@+W@+ Wt ur+n) w0+ W+ pr 1)
Table3.3: Variables and parameters values used for computational results

OR

Variable / Parameter Values Source(s)

B, 0.0290 Jung, E., Lenhart, S., & Feng, Z. (2002)
Br 0.0290 Jung, E., Lenhart, S., & Feng, Z. (2002)
I 200 Jung, E., Lenhart, S., & Feng, Z. (2002)
u 0.02 Bhunu, C. P., et. al., (2012)
Ur 0.3 Bhunu, C. P., et. al., (2012)
v 0.0013 Bhunu, C. P., et. al., (2012)
Ps 0.1 Bhunu, C. P., et. al., (2012)
Pr 0.1 Bhunu, C. P., et. al., (2012)
n 0.2 Bhunu, C. P., et. al., (2012)
T 0.3 Bhunu, C. P., et. al., (2012)
0 0.7 Bhunu, C. P., et. al., (2012)
r 0.9 Assumed
o 0.10 Cagri, O., et. al., (2012)

M(0) 950 Assumed

S(0) 3800 Cagri, O., et. al., (2012)

Es(0) 1800 Cagri, O., et. al., (2012)

Er(0) 100 Cagri, O, et. al., (2012)

I5(0) 200 Cagri, O., et. al., (2012)

Iz (0) 50 Cagri, O, et. al., (2012)

Rs(0) 30 Assumed

Rz (0) 20 Assumed

Sensitivity analysis: sensitivity analysis illuminates the path through the uncertainties, helping you understand
how variations in model parameters affect disease transmission dynamics. The process involves identifying
which parameters significantly influence the spread of disease for better prioritization, management of risks,
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decision-making, and model validation. It is a method used to determine how different values of an independent
variable.
Sensitivity Analysis: the sensitivity indices of the model parameter with respect to Ros and Ror are as follows

GRop ., 1 V(1-PR)BRz (8+u—us) PRERz (B+u—us) 1

REI'R = =
Xﬂ ary  Ror w8+ (Vi) (utprtry)?  p(@+p)(ptuer)?  Ror

V(1 — pg)Ber (9+;¢—;{5)#(5 +ad e+ + 1’1)2 + pr)
_ Bz (64 p—po (8 + )V + u) (e + ue +r)? (8 + ) (V4 u)(p+ e yo)e(@+ ) (et pe 1)
@V )t )P0 )t +1)7 " VI~ pr) Bz (64pu—po)t (@ T )i+ ictry) + paBazn
(6 +po)u(6 + p)(V + p)(u + ps + 1)

0.2
_ Aty o 03846
(u+ ucty)? tp+n 0.024+03+0.2
Rog _ _
X 7 _0Rer , Br _ _V(1-pr)A(6+u—po) pRA(6+p—po) Br

Br ~ app Ror p(B+)(VAHpd(ptpc+ys)  p(@+p)(ptpcty) R

w(@ + ) (u + py V(L — pr) A (8 + p — po)
_ tu@ )V p)(etu try)er A6 +u—uo)  Bru(8+p)(V + @) (p+ peyi)n(8 + ) (e + 1)
u(B + )V + @) (1 + pe +y)n(@ + ) (u+ pe 1) V(1 = pra)Brr(8+u—uo) (0 + 1) (1 + petyi)
+orBrri (8 + p)u (@ + 1) (V + ) (e + pe + 1’1)2

_ V(1 —pg) A (V + ulpg A X Bz) _ V(1 — pp)(V + w)pg & X Bg) _
V(1 —pg)Bz & +prfz & V+u V(1 —pr)Br & +prBr 7 (V + 1)

R A _
X _Rox A V(1—pe)(6+p—pa) peBa@+u—po) R
A adn Ror @+ WV H+(u+u +y) w8+ (e +p+v)  Rog

w8+ w)(p + pe+y V(L — pr) A (6 + p — po)
_ _Fe@ )V u)(p+ e+ vi)PePr(8 +u— uo)
p(8 + )V + @) (p + pe + y (8 + @) (g + pe + 1)

Ap@ + )V +p)(p+p +yOr@ + p e+ p +y)
V(1 — pe)Brz (84 pu—po)(8 + 1)k + pr + 1)
+orBrr(0 + 1t — p)u(8 + W)V + 1) (1 + pr +v1)

_ V(1 —pr)(V +p)pr Br A _
V(1 —pr)Br ~n+pafrn(V+u)

R _
X °R _ORox _ Pr _ VBr A (8 + p — o) PrPr(8 + 1 — uo) < PR
Pr dpg Rop w(B+ )V + (e +pety)  p(8 + (e +pcty)  Ror

(@ + )+ pe +y VB 7 (8 + p — po)
_ w4 (VA ) (et u +v)Bg R (8 + 1 — po) Pri(8 + )V + ) + pety)p(8 + 1) (e + e +11)
w8+ )V + @) (e + pe +y)u (6 + )+ pe + v1) V(1 — pr)Baz (6+u—ps) (8 + ) (e + ur +y1)
+orBra(0 + 1 — p)u( + ) (V + ) (p + pz + 1)

[VBa & +(V + 1) Brs] [ v+WHwes ] 0.0013 + (0.0013 + 0.02)0.1 02515
V(L — pa)Brs + PaBrs (V + 1) V(1 — pe)+pa(V + )] [0.0013(1 —0.1) + 0.1(0.0013 + 0.02) '

XRDR _%Rx o _ V(1 — pr)Bazpt B PrBrz 1t s
a doc  Rop p@+u)(V+u)utuc+y) p@+w)(p+pctrv) Ror

(8 + ) (p + pe+y V(L — pr)Bra it
Fu(® + )V + )+ p +v1)eeBr A p w Ou(8 + WV + (e + pey )6 + ) (et e+ v1)

T @+ OV + ) u+ e+ r)e(@ + @) (e + pern) V= B (04 1—po) @ T D + 1472
+ppBra(0 + pu— p)p(6 + ) (V + p) (e + pr + v1)

0.0013(1 — 0.1)0.02 + (0.0013 + 0.02)
0.1x0.02) X 0.10 0.00002766

0.0013(1 — 0.1)(0.7 + 0.02 — 0.02x0.10)  0.0023694
40.1(0.7 + 0.02 — 0.02x0.10)(0.0013 + 0.02)

v(1— + W+ % &
_ (1 — prlu + (V + wlpg) — 0.0117

T VA )@+ u—no) 4B ta—p)V + 1)

81 || Cite this article as:
Nwuke, N., George, I., & Ojimba, D.P. (2025). A mathematical model on the transmission dynamics of tuberculosis. FNAS

Journal of Mathematical Modeling and Numerical Simulation, 2(2), 74-84



A Mathematical Model on the Transmission Dynamics of Tuberculosis

Bs
XRW: ORgs ,, Bs _ V(1-ps)fs (B+p—po) psPsr (B+u—pa)  Va—psibsx G+i=ka) | PsPsn(8+p—po) _
B,  9Bs  Ras  p(B+p)(Vep)(ptpotyz)  plBepdptpctyz) - pl@+p)(prpctyz) 0 p(8+pd{pturtys)
R [ -/ B
>< 05 ORos y, Ps _ VBsr (B+p—pa) Bz (B+u—pa) V-ps)Bss G+u-po) | _PsPsz(B+p—po)
P dps Ros  p(O+m)(V+p)(p+prtyz)  p(@+p)lptprtyz)  pl@+p)(p+pctys)  p(@+p)(ptpc+ys)
B VB (8 + u — pa) Bex (8 + p — po) peit(8 + p)(V + ) (e + pz +y2)p(@ + @) (e + pe +y2)

V(1= p)Ber (8 +pu—po)u(6 + p)(p +pr +y2)

T RO A WE e 1a) RO DR e 47
+u(0 + u)(V + @)1+ g+ v2)pBen (8 + 1 — pa)

u(@+ ) (p+ e +y2)VB (0 + p — po)
et y)(V+ p)Br (8 + i — po)
w8+ )V + @)+ sz + y2)p(8 + ) (e + e+ y2)?

Pett(8 + 1) (V + p) (e + pe + ¥2)0(6 + 1) (1 + pte +¥2)
V(L —p)Bex (8 +p —uo)u(8 + )+ pr +v2)
PeBox +1(8 + W)V + )+ i +¥2)ps Bz (8 + 1 — no)

[ V—(r+up, _ 0.0013 — (0.0013 + 0.02)0.1 o515
V(1—p)+p (V+m ] [00013(1-0.1) +0.1(0.0013 + 0.02)]

T
V(1 — p,)Bez (8 + 1t — uc) psPez (8 + p — po) ]

><aﬂs: Ros 2 _[ P 2B (8 4 ko) £sBsr (8 + 4 — po)
2 u@+ W+ )+ +ry2)  wB ety

ar; “Ros  (wE@+ WV tu ty2)? w8+ )t et )’

il P Bl Preresred BT
uturtyz 1 looz+o3+o3 ]

XRDS R #r _[ VO —p B @ +p—pa)  psfie (0 +p—pa) ]x e
1 du. " Rog p@+WV )t p +12)? w@+ )+ p +v2)* | R,

w(8 + @)+ pe +12)*V(1 — p)Bex (8 + 1 — po)
_ Fu(B @) (4w, +¥2) B (B + p — ua) Het(B ) (V A @) (e pe + v+ )t ue tya) _[ iy ]__05
p(8 + )V + @) (e + pe +y2)?m(8 + ) (u + g +72)* V(1= pg)far (8 +p — pe)u(® +p)(p + pr +v2) prpctya 17
PeBor +p(8 +u)(V +p)(p+ e +y2)

v _[A=p)Bs @ +r—podn (8 +p—po) XV#(S Vet ty)e@ + )t ty)
- w0+ 2+ e+ 72) V(1 —p) B (6 + 1 — uo)u(8 + ) (1 + 1 +v2)
(8 + )V + 1) (i + pe + ¥2)pfer (6 + 1 — po)

RDs - aRDs
&' vV Ry, w(@ + @) (p + pe +y2)

(8 + @) (e + pe +y2) (1 = p)Ber (8 + 1t — pio)
_ Hra(V (et p +y)eBr (@ +u—po) V(B + ) (V +u)(u+ ue +va)u(6 + i) (s + e +12)

w8+ i)k + pe + y2)u(8 + 1) (u + pe +y2) V(1= ps)fer (8 + p— po)u(8 + p)(p + pr +¥2)
+u(8 +p)(V + p) (e + i+ ¥2)PsBsx (B + 1 — po)
(1 —0.1)0.02 4 (0.0013 + 0.02)20.0013(0.0013 + 0.02) 0.1
0.0013(1 — 0.1) + 0.1

(@ —pdut (V) V(V 4 u)ps _

V(l - p:) + Ps
09 X 0.02 + 0.00045369 X 0.000002769 _  0.018 + 0.00000000125626761 _
0.00117 + 0.1 B 0.10117 o

Bu(@ + )V +p)(p+p: +y2)

><:°:*’ o, 6 _ [ V(1 — ps)Bsn uo PsBsz b ] y CRAD R 8.
88 " Ro.  [m(0+ PVt uty2) w6+ )P (ut e +yv)]| T VA= pdBeruo p(8 1) (1t g+ y2)
+psBen pa w(8 + 1) (V + 1) (ke + e + v2)

(B + p)* (e + pe + y2ul — p)Bes o
+p(B + ) (V4 ) (1 + o + ¥ ) T0, B O Bu(9 + )V + 1) (1 + pr + ¥2)0(0 + W)k + pe + v2)

(B +w)(V+ e +tu+y2)E + WPV + e+ i+ v2) V(1= p)Bex (6 +p—po)u(@+ ) (u+u: +v2)
a8 + 1)V + 1) (e + pe + v2P:Ber (8 + 1 — po)

(0.7 + 0.02)0.0013 (1 — 0.1)0.02 X 0.10 +
(6 +1V(1L — pJuc + (6 + p)(V + p)ps uot (0.7 +0.02)(0.0013 + 0.02)0.1 X 0.02 X 0.10 X 0.7

O+ V(L—p )@ +u—po) + (V+u)p.(8 +u—pua) (0.7 +0.02)% 0.0013 (1 — 01)(0.7 + 0.02 — 0.02 X 0.10)
+(0.0013 + 0.02) 0.1(0.7 + 0.02 — 0.02 X 0.10)

_0.72x0.0013 X 0.9 x0.02x0.10+0.72 x 0.0213 x 0.00014 0.0000016848 + 0.00000214704 _ 0.00000383184 0.0019

~ 0.001958437104

0.5184 x 0.0013 x 0.9 X 0.718 4+ 0.0213 x 0.1 x 0.715 0.000435487104 + 0.00152295

82 || Cite this article as:
Nwuke, N., George, I., & Ojimba, D.P. (2025). A mathematical model on the transmission dynamics of tuberculosis. FNAS

Journal of Mathematical Modeling and Numerical Simulation, 2(2), 74-84



A Mathematical Model on the Transmission Dynamics of Tuberculosis

Ror _ ORogr uo
X ou X Rog
pl8+p)(w+p) (utpr+rJv(1-pr)Bre w(0+p)(ptur+r)) prBre(1-0)—prBRI
(1-0)—v(1-pR)BRy(E+u—uo) [(O+1)  (B+p—po)[u(B+u)(v+p)+u(@+u)(u+ur+re)
(vt +u(@+p)(ptpr+r)+ulv+p) +u(v+p)(ptpp+r)+ B+ ) v+ p)(p+pr+ry)
(tpurtry)+(6+0) 0w (uturry) o X pp®(0+p)® (v+p) (utpr+ry)?
[p(8+p)(w+p) (u+pp+r)]? [(8+u) (p+pr+r)]? u(B+u)(ptur+r)v(1-pg)Pry

(B+p—po)+u(@+u)(v+u)
(u+pr+ry)pRBR7 (O +pu—uo)

2O +p)? (ptpptry)2p(B+p)(v+p) (ptpr+r))v(1-pR)BRr(1-0)
—v(1-pr)Bru(0+u—pa)u(@+p)(v+p) +p(0+u)(ptpr+r)plvip)
(p+pptry )+ (8+p) (vp) (utprtry ) +p2(8+p) 2 (ptpr+ry)? ppZ(0+p)2 (v+p) (ptprtr ) 2u(8+p) (p+pr+ry)
w(O+p)(u+pr+r1)pRPRT(1—0)—pRBRA(O+u—pa)u(0+p)(v+p)+  prBRr(1-0)—pRART(O+p—po)p(0+p) (v+p)+p(0+u)
pl8+p)(ptprtr) plv+p)(ptpr+r) +(8+p)(w+p) (ptpr+ry) e (ptppt+rypv+p)(ptpp+r ) +(0+p) (w+p) (p+prtry)
(2 (8 +p)2(v+u) 2 [ 2 (0 +p) 2 (utpr+r1)?] u(0+p)(u+pr+r )v(1-pR) BrulB+u—po)
+u(0+p)(v+p)ptur+r)prBru(0+p—uo)

u2(0+p) 2 (ptprtry) (vt ) (utpr b )v(1-pR)BRr (1—-0) —v(1-pR) p(B+p) (v ) p (8 +1)
(upp+ry) +p(v+p) (prpr+r) 0 +@) v+ p) (p+ pr+r)+u2 (0+0) (u+pr+r)? prBRr(1-0) - prU
HO+p) (w+p) +(0+p){p+pr+ry )+ (o +p) (et pr+r )+ +p) (v+p)(prpr+r ) xp
(v+p)2p2(8+p) 2 (urpr+r)2v(1-pr)+H(v+p)pr

(0.02)2(0.740.02)%(0.02+0.3+0.2) (0.0013+0.02)0.0013(1—0.1)0.0290% 200
(1-0.10)—0.0013(1-0.1)0.02(0.7+0.02)(0.0013+0.02)+0.02(0.7+0.02)(0.02+0.3+0.2)+0.02(0.0013+0.02)(0.02+0.3
40.2)4+(0.740.02)(0.00134+0.02)(0.0240.34+0.2)4(0.02)2(0.740.02)2(0.02+0.3+0.2)?
0.1%0.0290x200(1—10)—0.1x0.02(0.740.02)(0.02+0.340.2)+0.02(0.0013+0.02)(0.02+0.3+0.2)+(0.7+0.02)
_ (0.0013+0.02)(0.02+0.3+0.2)x0.02 — 0147
(0.0013+0.02)2(0.02)2(0.7+0.02)2(0.02+0.3+0.2)20.0013(1-0.1)+(0.0013+0.02)0.1 -

Summary of the sensitivity indices

Parameters Sensitivity index
Bs 1
Br 1
T 1
ri -0.3846
r2 -0.5
c 0.0117
) 0.0019
U 0.1473
v —0.0180
ur -0.5
ps -0.2515
PR -0.2515

A positive index show that increasing the Parameter, increases Ro, whereby making the disease more
transmissible. While A negative index indicates that an increase in the parameter, reduces Ro making the
disease less transmissible. If >1 Ro the infection will spread in the population; if Ro =1, means the infection is
steady but if Ro <1 the infection is likely to die out

Effects of the Parameters on the Reproduction number

The rates of improved treatment efficiency (r1 and r2), higher vaccination coverage (o), and reduced mortality
(1, ) help lower basic reproduction number (Ro) Thereby reducing transmission rate; (r, r2, n, and pr ) Which
are the negative indexed number. Conversely, higher transmission rates (BS, R, 7) which are the positive index
number increases Ro. Increasing these Parameter, will increase the value of the reproduction number and the
disease will spread.

Conclusion

Parameters with negative indices are particularly significant because increasing these parameters will decrease
Ro, thereby reducing disease transmission. In epidemiological models, parameters such as the rate of vaccination
and the efficacy of treatment often exhibit negative sensitivity indices. Enhancing these parameters can lead to a
decrease in Ro, contributing to better disease control. but if transmission rates, vaccination and treatment efforts
are insufficient, Ro will rise, leading to more widespread disease transmission.
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