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Abstract

We construct an algorithm for the approximation of the common solution of the set of fixed points of a countable
family of closed Bregman quasi-strict pseudo-contractive mappings; set of solutions of a finite system of a generalized
mixed equilibrium problems and the set of h-fixed points of a finite family of h-pseudo-contractive mappings. A
strong convergence theorem is proved for this algorithm in a reflexive (real) Banach space. An application is provided.
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Introduction

The study of fixed point theory is indeed an interesting research area for many researchers in the field of analysis and
applied mathematics (Rockafeller, 1970; Naraghirad & Yao, 2013; Zalinescu, 2002; Chidume, 2009). The reason for
the interest is based on the fact that many problems that occur in physical phenomena are often modeled in the form of
fixed point problem as follows x = Tx, where T is taken to be any mapping or operator (Reich & Sabach, 2010,
Bregman, 1967, Censor, 1981, Kato,1967). Approximation of fixed points of mappings (when it exists) is
predominantly done through iterative methods. However, approximation of fixed points of Bregman quasi strictly
pseudo-contractive mappings cannot be possible using classical iterative methods, as they will either give a weak
convergence or the sequences generating the methods will not be bounded (see Reich & Sabach, 2009, Zegeye &
Shahzad, 2014, Ugwunnadi et.al, 2014). We note that some authors have intensively studied this class of Bregman
mapping (Wang, 2015; Wang & Wei, 2017; Yongfu & Yongchun, 2015; Ali et.al., 2019). Examples of this class of
mapping can be found in (Ugwunnadi et.al., 2014, Zegeye et.al., 2022). In many cases, monotonicity condition of a
mapping is very important in fixed point and optimization theories such that it often guarantees convergence. A
closely related monotone maps is h —pseudo-contractive maps. This map was originally introduced and studied by
Zegeye et.al, 2022 and these mappings has become a motivation for the study of system of generalized mixed
equilibrium problems.

Consequently many classical methods are available in the literature (Picard, 1890; Krasnosel’skii, 1955; Mann, 1953,
Ishikawa, 1974) for approximating common solutions of several related nonlinear problems. Many of these methods
have been successfully applied in approximating fixed point of several mappings and for finding solutions of some
nonlinear system of equations respectively. The literature of fixed point theory is heavily domicile in Hilbert space,
CAT(0) space and as well as in general Banach spaces, where many valuable problems related to practical problems
are generally defined. Two convergence results; weak and strong convergence has always been of great interest to
researchers.

Polyak (1964) became the first author to come up with acceleration process of convergence of iteration methods
known as inertial-type algorithm. This algorithm is known for solving many smooth convex minimization problems.
This discovery has led many authors to combine this method with other classical iterative methods to accelerate the
rate of convergence of the sequence generated by the proposed algorithm and some references within (Ali et.al., 2019;
Dong et.al., 2018; Ekuma-Okereke & Okoro, 2020; Padcharoen et.al 2020). Zegeye et al. (2022), introduced an
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algorithm for approximating common solutions of a finite family of generalized mixed equilibrium problems, the set
of h-fixed points of a finite family of h-pseudo-contractive mappings and the set of solutions of a finite family of
variational inequality problems for Lipschitz monotone mappings. Their algorithm is as follows: let {x,} be a
sequence generated by the following algorithm:

u,xo € K,

zp = PyVh*(Vh(x,) — a,M,x,,),

wy, = PxVh*(Vh(x,) — a,M,z,),

{ _ ~hry h,r h,rn hry 1
Uy =GR o G 0.0 G 0 Gy, @)

_ phm h,rp h,rn h,rp
Up = Rg, " oRg ™ 0.0 Ry ™ o Rg MUy,

Xpp1 = VA" (@, Vh(W) + by VR(x,) + coVA(Wy) + dnVA(Vy)),

where Vh is the gradient of h on X, (1) € [¢, ), {a,}, {b,}, {c,} and {d,,} are scalar sequence in (0,1) such

that a, + b, + ¢, + d, = 1, then the sequence converges to the common element in real reflexive Banach spaces.
Using the method of inertial algorithm combined with resolvent method, Ali et al, (2019), introduced and

studied algorithm for approximating a common fixed point of countable families of quasi Bregman strictly

pseudo-contractive mappings and solution of a system of generalized mixed equilibrium problems as follows:

1= X'

Zp = Xp t an(xn - xn—l)r

Yu = VR (b, Vh(z,) + (1 — by)Vh(T;z,)),

Yu, = G™my,, 2

Cor = (U € Cuid (W) < dy () < dn(tt,20) + {2 (VA(20) = VR(Te2), 20 = W)},

— ph
Xn+1 = Pg, ., (%0),m €N.

The authors proved that the sequence generated by the algorithm converges to the common element of the set of
solutions of a countable family of generalized mixed equilibrium problems, the set of fixed points of a countable
families of quasi Bregman strictly pseudo-contractive mappings in real reflexive Banach spaces.

Ugwunnadi et al. (2014), originally introduced a new class of Bregman mapping called quasi-Bregman strictly

pseudo-contraction mapping. They constructed a new iterative technique called a hybrid method and proved a strong

convergence theorem of a common element in the set of fixed points of a family of a finite family of closed

quasi-Bregman strictly pseudo-contraction mappings and common solution to a system of equilibrium problems in

reflexive Banach space. Below is their iterative technique:

x, =x €K,

Yn = VA" (@Vh(x,) + (1 — ap)Vh(Tyxy)),

Uiy = Resé‘jyn,j =12,..., M,

{Wn = Vh*(zyzl :Bj,th(uj,n))' ?3)
1

Crv1 = {2 € Cdp(xp, wy) < a(Vh(xn) = Vh(T,xp), Xn — 2)

+(Vh(Tnxn) - Vh(Wn)rxn - Z)},

Xn+1 = P(,"ln+1(x)ln € N,

where T,, = T,(modN) and a,, € (0,1) satisfying some conditions and A € [0,1), for each i = 1,2,...,N, T; is
uniformly continuous. Then under suitable conditions, the sequence {x,} converges strongly to the solution set Q.

Chidume et al. (2018), formulated and studied an inertial algorithm for approximating common fixed point of a
countable family of relatively nonexpansive mappings. Set x,, x; € X, and define a sequence {x,} by the following
algorithm:
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(Co=2X%,
IZn =Xn + an(xn - xn—l)!
90 =75~ B2+ BTz, @

I Cn+1 =ue€ Cn: ¢(u:yn) =< (l)(u,Z,J,

Xn+1 = ch+1(x0)'n =0,
where a,, € (0,1), g € (0,1), T: X — X is a relatively nonexpansive map. The authors showed that their sequence
converge strongly to a fixed point set of their mapping.

Motivated by the above results, we introduce an inertial algorithm for approximating common element of the set of
solutions of a finite family of generalized mixed equilibrium problems, the set of h-fixed points of a finite family of
h -pseudo-contractive mappings and the set of fixed points of countable families of Bregman quasi strictly
pseudo-contractive mappings in real reflexive Banach spaces. We prove a strong convergence theorem for it.
Consequently we have several applications of our method. Furthermore, an efficient numerical illustration is given to
justify the theoretical hypothesis of our results. Our method and approach is considered to generalized many existing
problems in the literature.

Methods and Model Formulations
Hypothesis

1. Let K represent a non-empty, closed and convex subset of a reflexive real Banach space X and its dual space
X,

2. let h: X — (—oo, +0] represent a strongly coercive Legendre function which is bounded, uniform Fre’chet
differentiable and totally convex on bounded subsets of X;

3. let Ti: X - X, vt = 1,2, ..., represent countable family of closed and Bregman quasi-strict pseudo-contractive
mappings such that (I — T}), t = 1,2, ..., is demi-closed at the origin;

4. let S;: X - X*, Vj = 1,2,... N represent continuous h-pseudo-contractive mappings;

5. let 9;: K XK -» R,i = 1,2,...M, be acontinuous bi-functionals satisfying
Condition A;

6. let A;:K - X*,i =1,2,...M, be a continuous monotone mappings;

7. let 6;: K - R, i =1,2,...M, be areal valued functions;

8. let the common solution set be denoted by Q be a non-empty set, that is

Q: = [N, Fix(T)] 0 [(N, GMEP(0y, Ay, 0,))] n [(NL, Fix,(S5))] # @;
9. K c int(dom h), interior domain of the Legendre function.

Step 1: Given the initialization x,, x; € K, compute
Zn = Xn + (X — Xn-1), (5)
Step 2: Define the Mann iteration to incorporate Bregman quasi-strict pseudo-contractive mappings given
that the generating sequence is the inertial term z,,, and with respect to Bregman distance. Next compute the sequence
as follows;
Yn = Vh*(anh(Zn) +(1- bn)Vh(Tth))» (6)
Step 3: Define and compute a resolvent function, composed of finite continuous h-pseudo-contractive
defined on the y, as follows:

Uy = Gy o Gy o0 Gl o Gy, ©)
Step 4: Define and compute a resolvent function, composed of finite system of generalized equilibrium

problem involving bi-functionals defined on the w,, as follows;
h,rp h,rp h,rn h,rp
Up = RgiM o R&T™ o .o R o R M uy, (8)
Step 5: Define the half-closed feasible solution set with respect to the Bregman function as follows:
Cosr = (U € Coidn(, 1) <y (u,un) < di(u, ) < dn(W,20) + 72 (Vh(z,) =

Vh(Tth), Zn — u)} (9)

Step 5 Compute the next iterate using the Bregman projection method so that the solution lies in the feasible
set as follows:

Xpy1 = Pgnﬂ(xo),n € N. (10)

Cite this article as:
Ekuma-Okereke E., & Okudu G. O. (2025). A hybrid algorithm for solving nonlinear problems. FNAS Journal of Mathematical
Modeling and Numerical Simulation, 2(3), 1-14. https://doi.org/10.63561/jmns.v2i3.860



https://doi.org/10.63561/jmns.v2i3.860

A Hybrid Algorithm for Solving Nonlinear Problems.

If z, =y, =u, =v, =x,,, =0 for n =1, then stop the process. If not, repeat Step 1-Step 5 until it
converges and the solution found to belong to the common feasible sets Q.

From the above steps, we now have the coupled algorithm below.

Algorithm 2.1.

Initialize {x,, x;}. Let the sequence {x,,} and {z,} be generated by the following algorithm:
C1 = X,
Zn =Xp t an(xn — Xp-1),
Yn = Vh*(anh(Zn) + (1 - bn)Vh(Tth))’

h,rn h,r h,rp h,rp

Uy = Gy o Gl o0 Gy o Gy,

_ phm h,rp h,rn h,rn
Up = Rg, " oRg ™ 0.0 RJ™ o Rg Uy,

Cosr = (U € Coidn(w,va) < i (u,n) < i (u,y) < dn(,20) + 75 (Vh(z4) = VR(Tez,), 20 = u)},

(11

Xns1 = P, (), mEN,

where Vh is the gradient of h on X, (r,) < [c, ), {a,}, {b,} € (0,1) are scalar control sequences.
The following definitions and concept will be used in what follows.

Definition 2.1 Let h be a convex and Gateaux differentiable function at x, then the bi-function
dp(.,.):dom h x int(dom h) - R* defined by
dp(y,x) = h(y) — h(x) = (Vh(x),y — x) (12)
is the Bregman distance induced by the convex function h (see Reich & Sabach, 2010, Bregman, 1967, Censor &
Lent, 1981 and the references contain therein).
Definition 2.2 Amap T: K - int(dom h) with respect to a convex function h: X — (—oo,+oo] is called
1. Bregman quasi-strict pseudo-contraction (shortly,(BQSPC))(see Ugwunnadi et.al 2014) if there
exists a constant p € [0,1) and Fix(T) # @ such that the following conditions holds
dn(p, Tx) < dp(p,x) + pdp(x,Tx),Vx € K,Vp € Fix(T) (13)
2. T iscalled closed if for any {x,,} ¢ K with x,, » x and Tx, > z € K as n - oo, then Tx = z.
Definition 2.3 A mapping M: X — X* is monotone if for all x,y € dom(M), we have

(Mx — My, x —y) > 0. (14)
Similarly,
Definition 2.4 T: X — X* is said to be h —pseudo-contractive maps if for each x,y € X, we have
(x =y, T(x) =T()) < (x —y,Vh(x) — VA(y)). (15)

Also, T is called p —strictly h —pseudo-contractive maps if for each x,y € X, we have
(x =y, T(x) = T(¥)) < (x —y,Vh(x) — VR(»)) — p Il (VR(x) — VA(y)) — (T(x) — T(¥)) II%.(16)
Observe that h —fixed point problem of this mapping is to find a fixed point say g € K such that
Tq = Vh(q). @an
Note that T is h-pseudo-contractive & Vh — T is monotone, (see Zegeye et.al 2022) for more information).
Furthermore, system of generalized mixed equilibrium problems is defined as follows:
Definition 2.5 Foreach i = 1,2,..., N, we let K; representa non empty, closed and convex subset of X and
NN K; # 0. Let ;:K; x K; - R be a bifunctions, 6;: K; > R be a convex and lower semicontinuous functions,
A;: K; —» X* be nonlinear mappings, for each i = 1,2..., N. The system of generalized mixed equilibrium problems
(SGMEP) is to find a point z enl_, K; such that
Gi(z,y):=0,(z,y) +{(4iz,y —z) + 6;(y) + 6;(z) = 0,Vy € K;,i = 1,2...,N. (18)
We observe for each i =1,2,...,N, (SGMEP)(18) is reduced to the generalized mixed equilibrium problems
(GMEP;) whichisto find z € K; such that
Gi(z,y):=0;(z,y) +(4iz,y —z) + 6;(y) + 0;(z) = 0,Vy € K;,i = 1,2...,N. (19)

The solution set of (??) is denoted by GMEP;(0;, 4;,8;) = A;. Thus, the solution set of SGMEP(18) is denoted by
SGMEP(0,,4;,6;) =N, GMEP,(0,,4,,6,).
The bi-function © is said to satisfied Condition A (A1)-(A4) if the following conditions hold
1. 0(x,x)=0,Vx €K,
2. ©:K x K - R is monotone, that is O(u, x) + 0(x,u) < 0,
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3. limsup;o®(ux + (1 — wu,y) < 0(w,y),¥x,y,u € K,
4. The function x - ©(u, x) is convex and lower-semicontinuous.
Observe that the above equilibrium problem can be treated as a fixed point problem as follows. Given that
G"™:X - K is a resolvent mapping corresponding to a bi-function ©, defined for r, > 0 by G"™(x) ={z €

K:0(z,y) + %(Vh(z) —Vh(x),y —z) = 0,Vy € K Vx € X}, then by means of resolvent method, we have that x is

a fixed point of G™™ provided it is a solution of fixed point. These notion of equilibrium and generalized mixed
equilibrium problems were originally introduced and studied by (Blum and Oettli, 1994, Mouda and Thera, 1999,
Browder, 1966, Zegeye, 2022, Payvand & Jahedi 2016, Yousuf, 2019) and have been further studied by various
authors cited in the literature.
Definition 2.6 If h is strictly convex on int(dom h) and K is a subset of X such that int(dom h) N K +#
@, then there exists at most one point P%(x) € int(dom h) N K satisfying
d,(PE(x),x) = inf{d,(z,x): z € int(dom h) N K}. (20)

This point if exist is called the Bregman Projection of x € int(dom h) onto a nonempty closed and convex set K.
For more information on important function properties, the reader may consult the following references (Reich &
Sabach, 2010, Bregman, 1967, Censor & Lent, 1981, Phelps, 1993, Bauschke & Borwein, 1997, Bauschke et.al 2001,
Butnariu & Resmerita, 2006, Butnariu & lusem. 2000, Bonnas & Shapiro, 2000, Ekuma-Okereke & Oladipo, 2020,
Alber, 1996 and host of others).

Main results

In this section, we introduce and solve the problems [N{2, Fix(T)] n[(n, GMEP(®;,4;6,)]n
[(n]’-"=1 Fixy, (S,-))] # @ and prove that sequence of iterates strongly converges to the feasible set of these problems. To
achieve this, we have the following results:

Lemma 3.1 Assume that conditions (H1)— (H9) hold, then Algorithm 2.1 defined by (11) is
well-defined.

Proof. The proof severally separated in steps; Step 1: Show that Q= [n{, Fix(T,)]Nn
[(NiL, GMEP(0;,A;, 8))] N [(N)L; Fix,(S;))] # @ is closed and convex.

This is obviously true from a Lemma in Ugwunnadi et.al 2014, that Fix(T;) is closed and convex for any
t=1,2,...,. From Lemmas in Yongfu & Yongchun, 2015 and Zeeye, 2022, we get that GMEP(0;,4;,6;) and
Fix,(S;) are closed and convex for any i =1,2,..,M and j = 1,2,..,N respectively. Consequently, since the
intersection of two or more convex set is convex, we get that Q is closed and convex.

Step 2: Show that the set C,, is closed and convex for all n € N.

It is clear that C; = X is closed and convex for n = 1. We assume that C,, is closed and convex for some
n=>1and u € C,,,. Set

Qn = {u € X:dp (W yn) < di(u, 2) + 15 (Vh(z) = VA(Tez0), 2 — u))
Ay ={u € Xidp(u,up) < dp(w, y)}
B, ={ueX:d,(w,v,) <dp(u,u,)},
such that C,,, = C, N Q, N A, N B,. We need to show that Q,,, A,,, and B, are closed and convex. First, we show
that Q,, is closed and convex for n > 1.

Qn = {u € X:dp(w,yn) < di(u,zy) + {2 (VA(2n) = VA(T:20), 2n = W)}

={u€eXidy(wy,) —dp(u,z,) < ﬁ(Vh(Zn) — Vh(T;zy), zn — u)}

={u € X:h(zn) — h(¥n) — (VO u — ¥) +(V(Zp), u — 2,) < ﬁ(Vh(Zn) = Vh(T;zyn), 2 —
u)}

={u € X:(V(zp), u — 2,) = (V) U — ¥u) < h(¥n) — h(zn) + ﬁ(Vh(Zn) = Vh(T;zyn), 2 —
u)}

= {1 € X:(V(z0), ) + 75 (V(z0), ) = (VO w) = 755 (V(T20), )

< h(n) = h(zn) +(V(Z0), Zn) = (VOR), V) + 15 (VR (z0), Zn) = 15 (VR(T,20), 20))
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= {u € X: (Z=V(2p) = V) = 7= V(T 2), W)+S h(v) — h(2n) + (= V(20), 20)
1-p 1-p 1-p

~(VO), ¥n) = (75 V(T 2y), 20)}.
This shows that @,, is closed and convex for all n > 1. Next, we show that A,, is closed and convex for all n > 1.
An = {u EX: dh(uv un) < dh(uv Yn)}
= {u EX: h(un) - h(yn) + (Vh(un)vu - un} - <V(yn)!u - yn) < 0)
= {u EX: h(un) - h(yn) + (Vh(yn)v Yn) - (V(un)’un) < <Vh(yn) - V(un)ru>}-

Similarly,
B, ={ueX:d,(u,v,) <dp(u,u,)}
={u € X:h(v,) — h(u,) +(Vh(v),u —u,} — (Vh(u,),u —u,) < 0)
={u € X:h(vy) — h(up) + (Vh(up), up) — (VR(vy), v) < (VR(un) — V(vp), u)}.

This shows that A, and B, are closed and convex for all n = 1. Hence, for all n = 1, C,, is closed and
convex.
Step 3: Show that Q < C,,, forall n € N.

h,m h,m h,r; h,m; ) h,m; h,m h,r;
Let 8o =yo =1,8; = Ry/" o Ry o ..Rg™ o Rg™, for j=12,..N and y; = Gy™ o Gy'" ..o Gy o

G,’;fn, for i =1,2,...M. Let g € Q, then by invoking Lemmas in Yongfu & Yongchun, 2015 and Zeeye, 2022,
Ugwunnadi, 2014, we compute as follows:

dn(q,vn) = dn(q, 6uy) < dp(q, Sy-1Un) — dp (Up, Gy-1Un)

.5 dn(q, 6n-2uUp) — Ap(En-1Un, Sy—2un) — dp(Up, Sy-1Uy)

< dp(q, Soun) — dp(81up, Soun) — dp (U, 61uy).
By induction, we get

dn(q,vn) < dp(q,un) — X205 dip(841Un, 8jun). (21)
Continuing the process

dp(q, un) < dp(q, Ym-1Yn) — Anns Yu-1Yn)

< dn(q,Yu-2Yn) = An(Ym-1Vn Yu-2Yn) = Ao Yi-1Yn)

< dp(q,Y0Yn) — An(Y1Vn YoVn) — An(Vn Y1)
Again by induction, we get

dp(q,u) < dn(q,yn) = ZHG" dn(VisaYno Vidn)- (22)
In addition, we get

dn(q, ¥n) = dn(q, VR (bnVh(zn) + (1 = bp)VA(T,2,)))
< dh(q' Zn) + p/flh (Zn: TZn)
< dn(q,2n) + 1 (VR(zn) = V(T2n), 20 = q)- (23)
Combining inequalities (21), (22) and (23) together with Lemma in Wega & Zegeye, 2020, we get
p
dn(q,vn) < dp(q,un) < dn(q,¥n) < dn(q, 2,) + E(Vh(zn) = V(Tzy), 2, — q)
— YN0 dn (841, Sjuy) — DI dp (Vis1 Y Vidn)
p
dn(q,vn) < dp(q,un) < dn(q,¥n) < dn(q,2,) + E(Vh(zn) = V(Tzn), 20 — q)

— = (Z050 1 8j41tn — Sty 12+ TG 11 Vieadn — Vid I7) (24)
dn(q,vn) < dn(qUn) < dn (G ) < dn(4,2n) + 15 (VA(Z0) = V(T20), 20 — Q). (25)

Hence q € C,,, and consequently, Q € C,,,; for n = 1. Thus, Q c C,. This completes the proof that Algorithm
2.1 defined by (11) is well-defined.

Theorem 3.2 Assume that conditions (H1) — (H9) hold, then the sequences {x,}, {z,} generated by
Algorithm 2.1 converges strongly to q = P%(x,) nearestto x,,as n — o and where P2 is the Bregman projection
mapping of C,,, onto Q.

Proof. The proof is as follows. Step 4: Show that the sequences are bounded.
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To justify, notice in (11), that x,, = P2 (o) and X,41 = P& (o) € Cyyq © Cy. Thus, using part b of the

Lemma in Reich & Sabach, 2010, we have that

dh(xn' xO) < dh(xn+1'x0) - dh(xn+1'xn)

dp(Xp+1,%0) 2 dp(Xp, Xo)- (26)
This shows that the sequence {d, (x,, x,)} is increasing. Again, we have Vn € N, q € Q that

dp(xn, %) = dn (P&, (o), Xo)

< dn(q, %) — dn(q, P&, (%))

< dn(q, Xo)- (@7)
This proves that {d}, (x,,x,)} is bounded. From Lemma in Butnariu & lusem, 2000, {x,} is bounded. Combining
(26) and (27) proves that lim,,_,.,dj, (x,, x,) exist. Now, without loss of generality, let

,lil?odh(xn' x0) =L (28)
In addition to (28), we get for any positive integer k and as n — oo, that

dp Xtk Xn) = dp, (xn+k'PL"1n(x0))

< dp(Xnss Xo) — dp (X, %) = 0. (29)
So that limy,_, o dp (Xp4x, X)) = 0. In particular,
lim dj, (%41, %) = 0. (30)
n—oo
Thus we obtain using Lemma in Butnariu & lusem, 2000, that
lim [Jxp41 = x5 || = 0. (31)

This implies that {x,} is a Cauchy sequence. Now since Vh is bounded and uniformly norm-to-norm continuous on
bounded subsets of X by the Lemmas of . Naraghirad & Yao, 2013, Zegeye & Shahzad, 2014, we obtain that

1im [[Vh(xn41) = VA()| = 0. (32)
Furthermore, we obtain from the definition of z, and together with (31) as n — oo, that
”xn - Zn” = ”xn —Xn — an(xn - xn—l)”
= ”an(xn—l - xn)”
< ||xn—1 _xnll - 0.
We get that
lim |[x, — zp|| = 0. (33)
Consequently, we obtain that
lim ||[VA(xn) — Vh(zn)l| = 0. (34)

By (33), z, is bounded. Consequent upon the boundedness of Vh and by (34), Vh(z,) and Vh(x,) are bounded.
Moreover, since x,, z, are bounded, together with (33) and (34), we get that

limdy (x,, z,) = —limdy(z,, x,) + lim (x, — z,, Vh(x;,) — Vh(z,,))
n—-oo n-oo n-o
< lim || x,, — z, IIl. lim || Vh(x,) — Vh(z,) lI= 0. (35)
n—-oo n—-oo
Thus
limdy, (x,, z,) = 0. (36)
n—-oco

Consequently, since Vh is bounded, we have
dh(xn+1' Zn) = dh(xn+1:xn) + dh(xn' Zn) + (Vh(xn) - Vh(zn)'xn+1 - xn)
< dh(xn+1' xn) + dh(xn' Zn) + IIVh(xn) - Vh(zn)l | ||xn+1 - xn”

Using (30),(31), (34) and (36) we get

lim dp, (%41, Z,) = 0. (37)
n—oo

Using Lemma in [32], we obtain as n — oo that
lim [[xp4q = 2, = 0. (38)

Since from (11), x,41 € Cpy1 € Cy,
dn(tns, V) S dp(nss tn) < dy(nis Vo) < dn(nss, 20) + 75 (VA(20) = V(T'20), 20 —
Xnt1)- (39)
It follows from (37),(38) and the boundedness of Vh that (39) becomes
lim dy,(Xp41, V) = 0 (40)
n—oo
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Thus, by the Lemma in Butnariu and lusem, 2000, we obtain that since from the hypothesis, h is totally convex on
bounded subset of X, h is sequentially consistent.So it follows that

lim |[xp4q — v, = 0. (41)
Besides,
|1 = val| < |12 = X l] + |11 = vl implies lim |[x, — v,|| = 0, (42)
and
|1V = zyl| < [Ivn = Xul| + 1%, — 2, || implies lim [|v, — 2, || = 0. (43)

This demonstrates that {v,} is bounded. Now since V(h) is norm-to-norm uniformly continuous on bounded
subsets of X, we get

lim |[|Vh(v,) — Vh(z,)]|| = 0. (44)
Now since v, = c%:: we have for any q € Q that

dn(4,Vn) < dn(q,20) + 75 (Vh(z0) = V(T220), 20 = )

—5(27501 I 8j1tn — Sjup 124 TN 1 VieaYn — Vivn I12)

< dn(q,Z0) = (9 vn) + 75 (Vh(zn) = V(Te20), 20 = )

= h(vn) - h(Zn) - (Vh(zn) - Vh(vn)'vn - Zn)

+ 15 (Vh(zn) = V(Tezn), 20 — )

= dp(Vn, z) + (VA(Vp), vy — )

+ 15 (Vh(zn) = V(Tezn), 20 — )

= —dy(zn, vy) + (v, — 2, VR(v,) — Vh(2,))

H(VR(VR), Vn = Zn) + {5(V(20) = V(Te20), 20 — 4)

<l v, =z, Il VR(vy,) — Vh(z,) | +1l VA(v,) Il v, — 2z, |l

+ 151 Vh(z) = V(Tezy) Ml 2 = q (45)
Invoking (43), (44) and for any g € Q in inequality (45), we have that
1112130(27501 Il 6j+1un - 6jun "2+ ZILV;T)l Il Yi+1Yn — VYiVn ”2) = 0. (46)
This implies that
lim | 641U, — Sju, I=0,0<j<N-—1, (47)
n—-oco
and hence
lim || v, —u, I=0. (48)
n—-oco
Since V(h) is norm-to-norm uniformly continuous on bounded subsets of X, we get
lim || Vh(v,) — Vh(u,) lI= 0. (49)
n—-oco
In view of these, we get
lim dy, (v, u,) = —limdy,(uy, v,) + lim (v, — u,, Vh(v,,) — Vh(u,))
n—-oo n-oo n-oo
< lim || v, — u, . lim || Vh(v,) — Vh(u,) II= 0.
n-—oo n—-oo
Thus
lim dy, (v, u,) = 0 (50)
n—-oco
Similarly,
lim Il Yipqty — ity 1=00<i<M—1, (51)
n—-oco
and hence
Lim 1l uy, =y 1= 0. (52)
Since V(h) is norm-to-norm uniformly continuous on bounded subsets of X, we get
}ngo | VA(u,) — Vh(y,) lI= 0. (53)
In view of these, we get
}Lmdh(un' Yn) == _imdh(yn' up) + Tlli_r)?o<un = Yn, VR(uy,) — Vh(y))

< lim || up — vy, . lim Il VA(up) — VR(n) II= 0.,

n
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Thus
limdy, (U, y,) =0 (54)
Besides, we have from (44) and (49) that
lim || Vh(u,) — Vh(z,) I< lim || VA(u,) — VR(v,) | +lim || VA(v,) — Vh(z,) =0
Thus
lim || Vh(u,) — Vh(z,) lI=0. (55)
Consequently, we have from (53) and (55) that
lim || Va(y,) — Vh(z,) I< lim || VA(y,) — Vh(uy,) Il +1im || VA(u,) — Vh(z,) I=0
Thus
lim || VhA(y,) — Vh(z,) I=0. (56)
This demonstrates that {v,}, {u,} and {y,} are bounded. Now since V(h) is norm-to-norm uniformly continuous
on bounded subsets of X we also get that {Vh(u,)}, {Vh(v,)} and {Vh(y,)} are bounded. Hence, with (56), we get
from y, = Vh*(b,Vh(z,) + (1 — b,)Vh(T;z,)), that
Il Vh(y) = Vh(z,) 1= (1 = by) 1| VA(T2,) — Vh(z,) |l
I VA(T,20) = Vh(zy) 1= —— 1| VA() — Vh(z,) |

(1-bn)
lim || VA(T,z,) — Vh(z,) II= 0. (57)
n—-oo
But Vh* is norm-to-norm uniformly continuous on bounded subsets of X*, so we get
lim || Tz, — z, I= 0 (58)
n—-oo

Step 5: Show that q € Q: = [N2, Fix(T,)] N [(NM, GMEP(0;,4;,6,))] n [(NIL; Fix,(S))]

First, we show that g eng2, Fix(T,) for each t = 1. Using the fact that X is reflexive, there exists a
subsequence {z,, } of {z,} such that z, < q as k — oo. From (58),and the fact that (I —T,) for each t > 1 is
demi-closed, we have that g = T,q for any t > 1. Thus, this shows that q € Fix(T;) and hence g en2, Fix(T;).
In view of the fact that from (33), {z,} is a Cauchy sequence, we have that z,, - q.

Next we show that q €njL, GMEP(0;,4;6;). Set y;(yn,) = Gg;rn"yi_l(ynk) and H;(v; (), ) =
O; (Vi) ¥) + (v — vilmy), Aiz) + 0;(y) — 0;(yi(Vn,)), then
H; (Vi) y) + f (v = viOn), Vh(yi(Wny.)) — VR(Yi-1(Vny))) 2 0,Vy € K.
Applying Condition A (A2) we havek
Hi(y, Vi) < —Hi(yiOny) y) < i (¥ = viOn), Vh(yi(ny)) — VR(Yie1 (Vn)))
VA Vg )=VA Y o1 Gy )

<y =vilm) I -
VA (i) —VA(Yi-1 O DI
< maxsup{ll y = ;) I} —* ke (59)
<isM >0 Tny

Using the fact y;(yy,) — g, the fact that H(y,.) is convex and lower semi-continuous (Condition A (A4)), 1, =c¢
and taking limits of both sides of (59), we get that
H;(y,q) <0,Vy €K. (60)
Set y, = ay + (1 — a)q and this suggest that y, € K. This implies from (60) that H;(y,,q) < 0. It follows from
this and Condition A (Al) and (A4) that
0 =H;(Yo» Yo) = Hi(Yor ay + (1 = )q)
< al; (Yo, y) + (1 = )H; (Yo, @)

< aH;(Ya, ¥)

< Hi(Yar )
Thus

0 < H;(Yar y)- (61)
Using (61) and Condition A (A3), we have that

H;(q,y) =2 0. (62)

Thus q En’i‘il GMEP(@i,Al’, 91)
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Furthermore, we show that q €L, Fix,(S;). Let &;(uy,) = R?}',Tn"(sj_l(unk). Invoking a Lemma in
Yongfu & Yongchun, 2015, we obtain
(v = 6;(un, ), i (U, )) — f (v = 6;(un, ), (1 + 13, )VA(8; (U, ) — VR(8j-1(uy,))) < 0.
By the convexity of K, we set y, = ay + (1 —ka)q € K,for y € K,a € [0,1]. Thus,
(8j(Un,) = Yar SjYa) 2 (6;(Un,) = Yar SjYa) + (Va — 6;(Un,), 556 (un, )
= O = 65, (14 T VA () = VR(Gj1 ()
= (6;(Un,) — Yer Sj¥a — Si6; (Un,))
_i(Ya = 8;(un,), (1 + 13, )VA (8 (un, ) — VR(8j-1 (un,)))
2 (6 (uny) = Yar VR(Yo) — VA(6;(tuy,)))
= O = 65, (14 T VA () = VR(Sj1 ()
= (6;(uny) = Yar VR(Ya))
- i (Va = 6;(un,), VR(8;(Un,)) — VA(6;-1 (un,)))
2 (6j(Un,) = Yar Vh(Va))
~ 1l Yo = 8;(ttn,.) Ml VR(S} (i) = VR(S;_1 (i) | ik
2 (6 (uny) = Yar VR(Ya))
= max sup(ll Yo = 8Cum,) ) I VA(8) () = VR(8j-1 () I %k
Using the fact 6;(u,,) — g, the fact that Vh is uniformly continuous, 7, = ¢ and taking limits of both sides of
(??), we get that
(4 = Yar Sj¥a) 24 = Yo VR(Yo))-
This implies
(@-y.5@+aly—q))=(q—y,Vh(g +aly —q))) (63)
Since S; is continuous for each j and the fact that Vh is uniformly continuous on bounded subset of X, and by
letting a | 0, we get that

(q—y5(@)={q—y Vh(q)) (64)

={(q —¥,Vh(q) — Sj()) < 0. (65)
Setting y = Vh*(S;q), we have

(q — Vh*(S;9),Vh(q) — VR*(Vh(S;(9)))) <0 (66)
Since Vh* is monotone, we have that

(q — Vh*(S;9), Vh(q) — VR*(Vh(S;(9)))) =0 (67)
This implies that

Vh*(Vh(S;(q)) = Vh(q). (68)

Hence, g € Fix,(S)), foreach j = 1,2,..N and q enjL, Fix,(S;)
h, h, h, h, .
Let 8 =yo =1,6; = Rg/™ o Rg"" o ..Rg]™ o Rg/™ for j = 1,2,...N and
Step 6: Show that g = P2 (x,).
Set u = P2(x,). In Lemma 3.1, we demonstrated that Q c C,,. Since P& (x,) € Q, we get that P2 (x,) c
C,. It then follows from our setting with x,, = Pé‘n (%) that

dp(xp, x0) < dp(u, x¢). (69)
Since x, —» q as n - oo, we get from (69) that

dn(q, %) < dp(u, xo). (70)
But by the Property of Bregman Projection mapping in Lemma of Reich & Sabach, 2010, we have for vw € Q that

dp(w, x0) < dp(W, xo). (71)
This implies

dn(u, x0) < dp(g, %o)- (72)

Thus by combining (70) and (72) we then arrive at u = q. Therefore, g = P%(x,). This completes the proof of our
Theorem 3.2.
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Application
System of equilibrium problems, finite family of h-pseudo-contractive mappings and countable families of
Bregman quasi strictly pseudo-contractive mappings
By setting A; = 0 and 6; = 0 in our Hypothesis 2.1, then the sequence x, and z, defined and generated
by Algorithm 2.1 (11) converges to the common solution set denoted by
Q: = [N2, Fix(T)] n [(0fL, EP(©)] 0 [(NIL, Fixy(5))] # 0
where EP(Q) is the set of solution of equilibrium problem of ©.

System of Convex Minimization Problems, finite family of h-pseudo-contractive mappings and countable
families of Bregman quasi strictly pseudo-contractive mappings
By setting 4; = 0 and ©; = 0 in our Hypothesis 2.1, then the sequence x,, and z,, defined and generated
by Algorithm 2.1 (11) converges to the common solution set denoted by
Q:= [nZ, Fix(T)] 0 [N, CMP(8))] 0 [(NK, Fixy(5))] # @;
where CMP(6) is the set of solution of convex minimization problem of 6.

System of Variational Inequality Problems, finite family of h-pseudo-contractive mappings and countable
families of Bregman quasi strictly pseudo-contractive mappings
By setting ©; = 0 and 8; = 0 in our Hypothesis 2.1, then the sequence x,, and z, defined and generated
by Algorithm 2.1 (11) converges to the common solution set denoted by
Q:= [ngZ, Fix(T)] 0 (0L, VIP(A, K)] 0 (0L, Fixg(S))] # &;
where VIP(4;, K) is the set of solution of variational inequality problem of A over K.

Numerical example
Let X =R, K =[-11], h(x): = %xz, Vx € K, then Vh =] =1,Vh* = ] = I, where [ is identity mapping on X.

Let ©;(x,y) = H#l(y2 —yx +xy—x2),Vy €K,i =1,...M. It is very obvious that ©(x,y) satisfies Condition A
Al — A4 given in Assumption 1. Also let (y —x, A;x):= (i + 1)(yx — x?) such that A4;(x):= (i + Dx. Let
6;(x) = 6;(y) = constant. Let Ty (x) =—-x*—xt=1,.. and S;(x) = —s/Vh(x),j=1,...,N,s =[0,1] be
Bregman quasi-strict pseudo-contractive and h-pseudo-contraction mappings respectively such that

Q:= [ngZ; Fix(T)] 0 [(NL, GMEP(8;,4;,6,))] 0 [(NLy Fix,(5))] = {0}
Thus, for implementation of the algorithm, we set p = 0.3;x, =x;, =1,§=0.5,a, =0.3,b,=08,r=1,M =
N=1
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Figure 1: Convergence of Sequences
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Conclusion

In this paper, we constructed a new hybrid algorithm to approximate the common solution of the set of fixed points of
a countable family of closed Bregman quasi-strict pseudocontractive mappings; set of solutions of a finite system of a
generalized mixed equilibrium problems and the set of f-fixed points of a finite family of f-pseudocontractive
mappings. A strong convergence theorem was proved for it in a reflexive (real) Banach space. We provided some
applications. Besides, a numerical computation was provided to illustrate its effectiveness and implementation. We
observed that our results complement the results of Zegeye et.al 2022 and improves the results of Matsushita &
Takahashi, 2005, Chen, 2011, Ceng & Yao, 2008, Yongfu & Yongchun, 2015, Wang & Wei, 2017, Wang, 2015 and
many other references cited in the literature.
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