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Abstract

The development of grid based and hybrid 5™ Step Block Runge—Kutta were constructed for the solution of both
linear and non-linear first order ordinary differential equations through interpolation and collocation approach. The
5% step Hybrid block Runge—Kutta method converges faster with two problems tested.
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Introduction

The Runge-Kutta Method is one of the numerical techniques used to approximate solutions of Ordinary Differential
Equations (ODEs). It has become a popular solver for ODEs due to its effectiveness. This method has proven to be
a promising approach for tackling both linear and nonlinear ODEs, employing various structures to enhance
accuracy, stability, and efficiency.

Mshelia et al. (2016) introduced a hybrid block method for k=2 and later adapted it into a Fifth Stage Implicit R-K
method for solving initial value problems of first-order differential equations. Ogunniran et al. (2020) evaluated the
efficiency of Runge-Kutta methods in computational differential equations, focusing on the linear stability and
capabilities of selected explicit R-K methods for integrating singular Lane-Emden differential equations. Kedir
(2021) confirmed that a classical fourth-order Runge-Kutta method is suitable for solving first-order ordinary
differential equations. Abualnaja (2015) developed a block procedure for K-step linear multi-step methods at
K=1,2,3 using Legendre polynomials as the basis function. These discrete methods were implemented in block
form to solve non-stiff initial value problems. This idea will be adopted to form block Runge-Kutta methods for
both grid and hybrid based for solution of linear and nonlinear ODEs

The new Block Runge-Kutta Type Method offers several advantages, including cost-effectiveness, stability, rapid
convergence, and suitability for handling both linear and nonlinear models.

Aim and Objectives of the Study

The study aims to adopt some Block Runge-Kutta methods for solution of linear and non-linear problems of first
order ordinary differential equations. The objectives are to:

i. Adopt some K-step implicit linear multistep methods
ii. Reformulate the discrete schemes obtained in (i) into Block Runge-Kutta method
iii. Test the performance of the method by using problem of linear and non-linear first order ODEs.

30 Cite this article as:
Adams, N.O., Badmus,A.M., & Yahuza,M.(2025). Grid-based and hybrid five-step block Runge-Kutta methods for
solving linear and nonlinear first-order ordinary differential equations. FNAS Journal of Mathematical Modeling and

Numerical Simulation, 2(3), 30-43. https://doi.org/10.63561/jmns.v2i3.863



https://doi.org/10.63561/jmns.v2i3.863
http://www.fnasjournals.com/
https://doi.org/10.63561/jmns.v2i3.863
mailto:orahanoadams@gmail.com

Grid-Based and Hybrid Five-Step Block Runge-Kutta Methods for Solving Linear and Nonlinear First-Order Ordinary Differential Equations
Methodology

Derivation of some k-step Linear Multistep Methods

Consider a power series of variable x of the form

y() =) g (0
j=0

as the approximate solution to equation y' = f(x,y)

Now the derivative of

m+t—-1
y@ = Y apd @
=0
m+t—1
y@= ) jap 3
j=1

where a; is the parameters to be determined, m and t are numbers of the interpolation and
collocation points respectively. Also, the degree of approximate solution as (m + t — 1).

Derivation of Grid 5 Step Linear Multistep Method

From equation (2) m = 6,t = 1, we have

6
y() =) g )
j=0
The collocation equation is
6
y'@) =) jai! (5)
j=1

Interpolating equation (4) at x = x, and collocating equation (5) at x = x,+;, where j =0, 1, 2, 3,
4, 5 gives the following system of equations

y(xp) = ag + a1x, + ax2 + azxd + agxp + asxs + agxl

f(xp) = a; + 2a3x, + 3a3x2 + 4a,xs + Sasx; + 6agxy

fQns1) = @y + 2a5%n 11 + 3a3X7 4 + 404X 11 + 5a5X54q + 6a6Xn14

fns2) = @y + 2a5%n 12 + 3a3X7 42 + 404X 15 + 5a5Xp42 + 606X,

f(ne3) = ay + 2a5%n 13 + 33X 43 + 404X 3 + 5543 + 6a6Xn .3

f(nsa) = @y + 2a5Xn 14 + 337 44 + 404X50 14 + 5A5Xp4s + 6a6X70 14

ftnys) = ag + 2a5%n 45 + 3a3x7 45 + 4a4%5 45 + 55X 45 + 606X, (6)
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Arranging equation (6) in matrix form

1 x, x2 x3 xp xn pad 4 I

0 1 2x,, 3x2  4x3 Sxt 6x3 / a(l)\ / A \

0 1 2xpyy 3xFi1 4xner Sxppr 6Xnyg | Gz | | fat1 |

0 1 2xXpyp  3%pip 4Xnip Sxpip 6Xnpp [ a3 I =] frez | (7
0 1  2xp43 3x2,3 4x3,5 5Sxps 6x5,5 || M4 fn+3

0 1 2044 3Xja Mnga SXpya 6Xn44 ZS fn+a

0 1 2045 3Xhis Mnys SXxpys  6Xns ° s

Determining the unknown parameters a; where j = 0,1,2,3,4,5,6 and substituting them into
equation (4) gives

137x%  5x3 17x* 1 x ]f [Sx2 77x3  71x* 7 x5
n 36 h2 96 h3 60 h*

y@ =t - T e e e

1x]f +[ 107 x3 59x% 13x° lx]f [sz 13x3  49x* 1x° 1x]f n
sl e Y e T Teonr w2 T 3 T ez Tasne  sne T 7zns) Ines

5x2  61x3 41x* 11 x5 x3 1 x5 1 x

[_57 71h% 96 h3 Foﬁ_144h5]f”+4+[107_£ﬁ 9613 60 h* 720h5]f”+5

(8)

When equation (8) is evaluated at x = X1, Xp12, Xn+3, Xn+4 Xn+s it gives the following discrete
block schemes

95 1427 133 241 173 3
= — —h —h “hfpez3———h —h
Yn+1 Yn + 288 hfn 1440 fn+1 240 fn+2 + 720 fn+3 1440 fn+4 + 160 fn+5

14 43 7 7 1 1
Yn+2 =Yn + Ehfn + Ehfn+1 + Ehfn+2 + Ehfn+3 - 1_5hfn+4 + %hfn+5

219 21 3
160 hfn+1 + 80 hfn+2 + 80 hfn+3 160 hfn+4 + ﬁhfn+5

51
Yn+3 =In+ 1_60hfn
Yn+a = n + 45 hfn + 45 hfn+1 += 15 hfn+2 + 45 hfn+3 + 45 hfn+4—

95
Yn+s = Yn + Ehfn hfn+1 + 144hfn+2 + 144hfn+3 + hfn+4 + 288 hfn+5

©)
Derivation of Block Hybrid 5" Step Linear Multistep Method

From equation (2) m=8,t =1

y(x) = ajxj (10)

~.
||Moo
o
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The collocation equation is

8

Y@ =) jaiT! (11
=1

Interpolating (10) at x = x,, and collocating (11) atx = x,,; j = 0,1,2,3, 3,%, 4,%, 5 gives

y(x,) = ag + a1 X, + apx? + azx3 + ax; + asxd + agxl + a;x)+agxS+aqx;

f(x,) = a; + 2a,x, + 3a3x2 + 4a,x3 + Sasxp + 6agxy + 7a,x8 + 8agx] +9aqxS
f(ns1) = a1 + 205Xp41 + 3a3xh 41 + 4asx5y g + 505X 41 + 6a6Xn4q + Ta7%51 4
+8agX/ 41 + 909X 44

f(ns2) = a1 + 205Xp42 + 3a3xh4, + 4asXn s, + 5a5X54, + 6agXn1, + 7a7x5

+8agx] 42 + 9a0xn 1,

f (x 5) =a; +2a,x 5+ 3a3x% 5+ 4a,x> 5+ 5asx* 5+ 6agx> 5+ 7a,x° s
n+s n+s ntsy nts nts ntsy n+=

+ 8agx’ 5+9a9x8 5
Tl+§ n+

_ 2 3 4 5 6
fOne3) = ag + 2a;xn43 + 3a3Xp43 + 44 X543+ AsXn13 + 66Xn43 + Ta7Xn,s +

8agxy 43 + 9aoXy 3

f (x 7) =a, +2a,x_ 7+ 3azx* 5+ 4a,x® 5+ Sasx* ; + 6a6x5 7+ 7a,x°
n+s n+s n+= n+= n+s n+= n+=
2 2 2 2 2

+ 8agx” ;49 agx®
Tl+§ n+

[STRN

fnea) = a1 + 2a5Xn44 + 3a3%7 4 + 404X 14 + 505X 44 + 6a6X5 4 + Ta7X0 44 +

+8agx] 44 +90X7 44

+5asx* o+ 6agx> o+ 7a,x°
n+s +5 n+

2 3
X =a; + 2a,x + 3asx + 4a,x
f n+%) 1 2 n+% 3 042 4 2 n+y

9 9
2 n+3 2

+ 8agx” o +9agx® o
n n+

9

+2

f(x )——a + 2a,x +3ax2 +4-ax3 +5ax4 +6ax5 +7ax6 +
n+5 1 24n+5 34n+5 4'n+5 54n+5 6'n+5 7*n+5

+8agxn4s + 9aoXpys

(12)
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Arranging (12) in matrix form

3 4 5 6 7 8 9
1 x, Xp2 X Xn Xn X5 Xh Xn Xn
0 1 2x, 3x2  4x3 5xf  6x5  7x8 8x, 9x8
0 1 2 3x2,, 4x3,, S5xt, 6x3,, 7xS, 8xl. 9x8, | /20
Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 ay
2 3 4 5 6 7 8
0 1 2Xn42 3xn+2 4xn+2 5xn+2 6xn+2 7xn+2 8xn+2 9xn+2 as
0 1 2x s 3x2 ¢ 4x® 5 Sxt s 6x® g 7x® s 8x7 5 9x® S || as
n 2 Tl+E n+7 n+7 n+§ Tl+§ Tl+§ n+7 a4
2 3 4 5 6 7 8
0 1 Z2xp43 3Xn+3  AXpiz OXpyz 6Xpyz Txpyz 8Xxpyz Ixpas as
0 1 2x .7 3x,; 4x°,; 5x*; 6x°; 7x°; 8x  ; 9x° ;|| Qe
2 Tl+f n+§ n+§ Tl+§ TL+E TL+E Tl+i a7
2 3 4 5 6 7 8
0 1 2Xn44 3xn+4 4xn+4 5xn+4 6xn+4 7xn+4 8xn+4 9xn+4 ag
0 1 2x o 3x2 g 4x® 4 S5x* g 6x° 9 7Tx® o 8x7 o 9x% 4| \Ao
"2 ntz nty ntg nty ntz ntz ntg
2 3 4 5 6 7 8
0 1 2xpys 3Xp4s  AXnys OXpys OXpys TXpis 8Xpys 9Xpys
In
fa
fr+1
fn+2
f s
Tl+5
= frne3 (13)
f .7
Tl+5
fr+a
f .7
Tl+5
fn+5

When the unknown parameters a; j = 0,1,2,3,4,5,6,7,8,9 are determined and substituted into
(10) yields the continuous formulation as
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4021x% 159319x3 609x* 2387x 43 x©

YO =yt X~ 5520k t 113400 12 800h3 90000 ~ 72015

N 53 x7 17 x8+

6300h6 25200 h7 42525h8 fn
15 x2 2761x3+10927x4’ 1379x5+329x6 29 x7
2 h 1 h2 1440 h3 450 h*  432h> 252h6

720F_2835F]f”“
105x2 3391x3 54227x* 30437x° 1969x 185x7

—— - —+ —— —
2 h 36 h? 720 h3 900 h* 216 h5 126h®
47 x8

36017 ossm*]f"+2
(672x2 56272x% 46846x* 109208x5 3652x° 7064 x7

5 kT 225 n2 ' 225 K3 1125 K 135 k5 1575K6

t 22507 T 2025 18| ned

175x? 18005x3 4567x* 4111x°> 943x° 281x’

TR T 54 w16 h3 T 30 B 2a kS 4z e

5x8 2 x°

~sn Tarne|/nes

+'960x 16736x3 10444x* 25648x> 904x® 368x7 176x8

7 h T 63 21 45 K3 225 Wi 27 k5 63 K6 ' 315H7
64 x°

2835 18|/ ns]

525%% 92652 32881x% 4111x5 73935 769%7

T T Tz 2 s BT 72 B 432 15 25246
43 x8 1 x°

Taan7 g1 nE| e
[160x%2 19952x3 158x* 3608x° 44x 8x7 4 «x8

NI ST W5 W3 225 h% O K5 9hS T a5h7
32 x°
8505 h8|” n+g

21x 3769x3 27341x* 2194x5 1303x5 703 x7

" T0h 77900 A2 7200 i3 T 1125h% 2160%5 @ 6300 k8
41 x8

~360007 2025h8]f"+5

+_

(14)

When equation (14) is evaluated at X = Xp41,Xn+2, X, .5 X043, X, 7, Xnta X, 9 Xnys, it
2 2 2

gives the following block schemes

35 Cite this article as:
Adams, N.O., Badmus,A.M., & Yahuza,M.(2025). Grid-based and hybrid five-step block Runge-Kutta methods for
solving lmear and nonlmear first-order ordinary differential equations. FNAS Journal of Mathematical Modeling and

Numerical Simulation, 2(3), 30-43. https://doi.org/10.63561/jmns.v2i3.863



https://doi.org/10.63561/jmns.v2i3.863

Grid-Based and Hybrid Five-Step Block Runge-Kutta Methods for Solving Linear and Nonlinear First-Order Ordinary Differential Equations

_, 777927, 781673 1718021 1303586 1051433
Y1 = Yo+ g55a000 U ¥ 453600 /7 T 226800 V2 T 0875 fn+§ 45360 n+3
, 251836 151783~ 95198 594011
14175 fn% 18142 U+ ¥ 13575 fn+§ 2268000 "*S
_, 54847 57181 80077~ 1101472 57181, 222272
Ytz =¥ 95605 et 35350 Mt T Ta7s M2 T 0g75 M ned T 235 Mres a7 Ml
4222, - 85216, 33367
567 e ¥ 43528 M wsd T 1750 Ut
_, 1797625 4680625 6339625~ 579205 23624375
Ynid = I T 6967295 fa 2322432 fusa 1161216 fus2 36288 fn+§ 1161216
143125 17380625~ 219125 548915
9072 fn% 2322432 "+ T 108864 fn+§ 2322432 n*S
_, 2671, 11289, 15333~ 14178 11209 L2748,
Ynis = Ynt 5000 ¥ 5600 Mt T 200 M T gzs Mais T sg0 Mrrs ¥ g Ml
1671 , 1054, 6603
224 M 55 M2 = 28000 s
_, 32099683 16717967 22676759 10471447 16360757
YnsZ = I T 124416000 In+ 294400 "+~ 147200 M2 T eas000 fn+% 820440 Jn+3
517643 2486407 782971 9803969
32400 fn+% 331776 "+ * 338800 fn+§ 41472000 s
_, 54854 28576, 77624 1147904 56192 231424
Yne = Yn+ 919625 M T 175 Vet T Taa7s Mz ¥ 0g75 M ais T 2835 s s Ve
418 84992 16672
567 et 4525 M ned T 70875 s
024759 1444473 i957041 903393 1410723
Yn+d = In T 3584000 fa 716800 fusa 358400 fusz 56000 fn+% 71680 furs
| 45117 195777 | 24583 861111
2800 ' n+s 28672 "7 11200 7 n+; 3584000 fnts
_, 2005 . 36625 50125 9290h 183125~ 9500
Ynes = Ynt 776 Wn t Tg1aa M T o7z Mz ¥ 5g7 M s T g Mnes T 57 Mg
134375~ 4750 1655
18144 frra 1701 fn+§ 18144 Pfnss
15)

Reformulation of the Derived Block Schemes into Block Runge-Kutta method

Rearranging K = 5 Grid and Hybrid block method in the form Agy,+; = AoYn-i + Bofn+i +
BOf n-—i

From equation (9) at Grid K=5

1 0 0 0 0\ /Yn+1 0 0 0 0 1\ /Yn-a
01 0 0 0} Vn+2 0 0 0 0 1})(Vn-3

0 001 0 O0f|VYnez3 =10 0 O O 1{|]|Vn-—2]|+
0 0 01 0]\ Yn+a 0 0 0 0 1/)\VYn

0 0 0 0 1/ \Un+s 0 00 01 Yn
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1427 133
1440 240
43 7
30 45
219 57
160 80
64 8
45 15
125 125
96 144

Taking the inverse of A, gives:

1 0 0 O
0 1 0 O
0 01 0
0 0 0 1
0 0 0 O
1427 133
1440 240
87
30 45
219 57
160 80
L)
45 15
125 125
96 144

241 173 3 000 0 2=
720 1440 160 288
;1 __l; j; fh+1 0 0 0 O li fﬁ—4
45 15 90 frntz ‘5*5 fn-s3
57 21 3 1
30 Teo ﬁ||fn+3|+0000E|fn—z|
64 14 fn+a 14 fn-1
0 0O 0 0 0 —
45 45 fn+5 45 fn
L - 0000 =
144 96 288 288
(16)
1 0 0 0 O
01 0 0 O
0 01 0 O
0 0 010
0 0 0 0 1
Multiplying Ao, A1, By, By by A~ * to obtain
0 Yn+1 0 0 0 0 1 Yn-4
0 Yn+2 0 0 0 0 1 Yn-3
O]l Yn+3 |=]10 O O O 1 || Yn—2 |+
0]\ Yn+a 0 0 0 0 1/\VYn-1
1 Yn+s5 0 0 0 0 1 In
241 173 3 0 00 0 =
720 1440 160 288
;1 __j; j; fh+1 0 0 0 O 14 f£—4
45 15 90 fn+2 45 fn_3
o2 3 el elo o0 0 |
80 160 160 n+3 | 160 || /2
45 45 fn+5 45 fn
L - 0000 =
144 96 288 288
(17)
Equation (17) can be written in Block Runge-Kutta type method as
[ 95 1427 133 241 173 3
Y41 = Yn + R |oegha + 00 ke =ik ke — Tagks +Eke]
14 43 7 7 1 1
Vnez = Yn+h [ ks + 5ok + ks + kg — ks + ook
[ 51 219 57 57 21 3
Vnes = Yn + Bk + kg + Sk ok — ks + k|
(14 64 8 64 14
Vnea = Yn+h | ks + ko +1ohs + ok + ks |
[ 95 125 125 125 125 95
yn+5 = yn + h _Ekl +¥k2 + mkg + mk;l, +¥k5 + ﬁkﬁ]
Where

ki = fuCen yn)
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14-27 133 1 173
kZ - f(xn + h) Yn +h (288 1 1440 k - mk 720 4 m 5 160 k6)
k3=f(xn+2h).yn+h(—k1+—k k3+ sha— ks+§—o"6)

219 3
k, = f(x, + 3h +h( k+ k+k k+—k)
4 f( n ),}’n 160 ki + 160 2 3 47 J607%5 T 160 6
ks = fQn + 4), 30 + h (G ks + S hy + = k3+ k4,+ k5)
125 25 95
ke = f(x, + 5h +h( Zk 125, 4125, k+—k)
6 = f(xn ) ¥n eak1 T et ost ket 5T g6
(18)
From equation (15) at Hybrid K = 5
1000000 o [0 0000000 1 /[
Yn+2 yn_3
00100000 O0\[ly s 0000000 1|1y
001 00UO0UO0O0 n+y 000 0O0TO0TUO0 1 n-3
000100003’n+3_000000013’n—2Jr
0000100 0]fYnl 0000000 1]fY3
000 0 0 0 1 0 0y, 000000 0 1|y,
\00000010/y+9 \00000001/3;1
n+s n—>
000 0O0OTU OGO 1 2 000 0O0TO0TUO0 1 2
Yn+s Yn
781673 1718021 1303586 1051433 251836 151783 95198 594011
453600 226800 70875 45360 14175 18144 42525 2268000
57181 80077 1101472 57181 222272 4222 85216 33367 fn+1
28350 14175 70875 2835 14175 567 42525 141750 f 5
4680625 6339625 579205 23624375 143125 17380625 219125 548915 n+
2322432 1161216 36288 1161216 9072 2322432 108864 2322432 fn+;
11289 15333 14178 11209 2748 1671 1054 6603 f
5600 2800 875 560 175 224 525 28000 n+3
16717967 22676759 10471447 16360757 517643 2486407 782971 9803969 fn+z
8294400 4147200 648000 829440 32400 331776 388800 41472000 2
28576 77624 1147904 56192 231424 4118 84992 16672 fn+4
14175 14175 70875 2835 14175 567 42525 70875 f +2
1444473 1957041 903393 1410723 45117 195777 24543 861111 n 2
716800 358400 56000 71680 2800 28672 11200 3584000 fn+5
36625 50125 9290 183125 9500 134375 4750 1655
18144 9072 567 9072 567 18144 1701 18144
+
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0000O0O0 0 I
6804000
0000000 227 1 /fas
212625 fn_3
0000000 2% 1F
6967295 n_E
0000UO0TGO0OTO0O 22 Frs
84000 (19)
00000 0 o 3209683 fn_%
124416000 f
00000O0TO0F§0 24 n-1
212625 [t
0000000 227 2
3584000 In
0000O0TGO0OTGO0O 2
7776
1000000 0
01000000
001 00UO0TO0 O
Taking the inverse the 4 gives:lg 8 8 é (1) 8 8 8|
000 0O0T1T00
000 0O0UO0T10
000 0O0TO0TO 01
Multiplying Ao, A1, By, By by A~ * to obtain
Vn+1 Vn—4
100000 0 0\ /[y 0000000 1\/[y .
00100000 O0\fy g 0000000 1\[y
+5 n-3
0010000 0l ™2 000 0O0TO0TO 01 2
0001000 0f23) (0000000 1fYn2}
0000100 0| 0000000 1[]Yn?
0000 0 1 0 0|yus 000000 O0 1f[y,_
00000 0T10/y.5 0000000 1/(y
000 0O0TO0TO 01 2 000 0O0TO0TO 01 2
Vn+5 Yn
781673 _ 1718021 1303586 _ 1051433 251836 _ 151783 95198 _ 594011
453600 226800 70875 45360 14175 18144 42525 2268000
57181 _ 80077 1101472 _ 57181 222272 _ 4222 85216 _ 33367 fn+1
28350 14175 70875 2835 14175 567 42525 141750 f
4680625 _ 6339625 579205 _ 23624375 143125 _ 17380625 219125 _ 548915 n+2
2322432 1161216 36288 1161216 9072 2322432 108864 2322432 fn+;
11289 _ 15333 14178 _ 11209 2748 _ 1671 1054 _ 6603
5600 2800 875 560 175 224 525 28000 fn+3
16717967 _22676759 10471447 _16360757 517643 _2486407 782971 _9803969 fn+z
8294400 4147200 648000 829440 32400 331776 388800 41472000 2
28576 _ 77624 1147904 _ 56192 231424 _ 4118 84992 _ 16672 fn+4
14175 14175 70875 2835 14175 567 42525 70875 f 9
1444473 _ 1957041 903393 _ 1410723 45117 _ 195777 24543 _ 861111 n+§
716800 358400 56000 71680 2800 28672 11200 3584000 fn+5
36625 _ 50125 9290 _ 183125 9500 _ 134375 4750 _ 1655
18144 9072 567 9072 567 18144 1701 18144
J’_
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00000 0 0 2772
6804000
00000 0 0 287 1/fna
212625 fn_3
0000000 2% 1F
6967295 Tl—E
21671
0000000 =2 frs
00000 0 o 3209683 fn_%
124416000 f
000000 0 2284 n-1
212625 [t
000000 0 2479
3584000 fn
000 0O0GO0 0 200
7776
(20)

Equation (20) can be written Block Runge-Kutta type method as

Y 4k (1777927 781673 1718021 1303586 1051433 251836
Yn+1 = In 6804000 1 ' 453600 2 226800 3 ' 70875 % 45360 ' ° ' 14175 ' ©
151783 95198 594011 ]
18144 7 ' 42525 '8 2268000 2
_ +h'54847 57181 80077 1101472 57181 222272 4222,
Yn+2 = In 2126251 ' 28350 2 14175 3 ' 70875 4 2835 ° ' 14175 © 567 '/
85216 33367 ]
42525 8 141750 2
v +h (1797625 4680625 6339625 579205 23624375 143125
5 = — —_ —
Ynl = In (69672951 T 232243272 1161216 5 ' 36288 * 1161216 ° @ 9072 ©
17380625 219125 548915 ]
2322432 7/ ' 108864 8 2322432 9
121671 11289 15333 14178 11209 2748 1671
=y, +h|[— —k, - ks + ky — ke + ke — k, +
Yn+3 = Vn 84000 1 ' 5600 2 2800 3 ' 875 4 560 O ' 175 © 224 7
1054 6603
—o ks — 9
525 28000
[ 32099683 16717967 22676759 10471447 16360757
y 7=y7'l+h' k1+ kz_ k3+ k4__ k5+
n+; 124416000 8294400 4147200 648000 829440
517643 2486407 782971 9803969 ]
32400 © 331776 / ' 388800 8 41472000 2
Yy +h [ 54854 28576 77624 1147904 56192 231424,
Yn+a =In 212625 1 ' 14175 2 14175 3 70875 4 2835 5 ' 14175 '©
4118 84992 16672
- k; + 8~ 9
567 42525 70875
[ 924759 1444473 1957041 903393 1410723
Y . 9o=Ynt+h 1 ko — 3 ky — ks +
n+ 3584000 716800 358400 56000 71680
45117 195777 24543 861111
ke — k; + kg — 9]
2800 28672 11200 3584000
12005 36625 50125 9290 183125 9500
=y, +h — k — k ke —
Yn+s = Vn 7776 1 " 18144 2 9072 3 ' 567 % 9072 ° ' 567 O
134375 4750 1655
7 kg — 9
18144 1701 18144
Where
klzf(anYn)
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1777927 781673 1718021 1303586 1051433
ko = fCtn + 1),y + 1 [Srns e 2= : ks~ rezes ks +
6804000 453600 226800 70875 45360
251836 151783 95198 594011 ]
14175 ~© 18144 "7 ' 42525 '8 2268000 2
54847 | 57181 80077 1101472 57181
ks = f(x, + 2h +h[ - - +
3 = f(xn ) Vn 212625 ky 28350 2 14175 3 70875 4% 2835 O
222272, 4222, | 85216 33367 ]
14175 © 567 7 ' 42525 8 141750 9
5 1797625 4680625 6339625 579205
ky = (x +—h) + [ - —
a =[x 2t)In 6967295 1 ' 2322432 2 1161216 S ' 36288 4
23624375 143125 17380625 219125 548915
5 ke — 7 kg — 9
1161216 9072 2322432 108864 2322432
21671 11289 15333 14178 11209
ks = f(x, + 3h +h[ ke, + ky — ks + ky — ks +
5 = f(xn ) Vn 84000 1 ' 5600 2 2800 3 ' 875 4 560 ' °
2748 1671 1054 6603
e+ g — ]
175 "6 224 "7 T 525 "8 28000 9
7 32099683 16717967 22676759 10471447
ke = (x +—h) + [ - —
6 =fxn 2t)In 124416000 1 ' 8294400 2 4147200 3 648000 %
16360757 517643 2486407 782971 9803969
5 ke — 7 kg — 9
829440 32400 331776 388800 41472000
54854 | 28576 77624 1147904 56192
k, = f(x, + 4h +h[ + ky — ks + ky — ks +
7= f(n ) Vn 212625 ky 14175 2 14175 3 ' 70875 4 2835 O
231424 4118 84992 16672
ke — 7 8~ 9
14175 567 42525 70875
9 924759 1444473 1957041 903393
kg = (x +—h) +h[ - ky —
g = fxn 2M)In 3584000 1 ' 716800 2 358400 S ' 56000 %
1410723 45117 195777 24543 861111
5 ke — 7 kg — 9
71680 2800 28672 11200 3584000
36625 50125 9290 183125
ko = f Qo+ 5h), n + h [2o kg + - - +
9 =f(xn ) Vn 7776 1 ' 18144 2 9072 "3 ' 567 "4 9072 O
9500 134375 4750 1655
ke — 7 kg — 9
567 18144 1701 18144

e2y)

Numerical problems

Two distinct problems were used to evaluate the efficiency of the method for Grid and Hybrid
Block R-K schemes.

Problem 1:

xy' + 2y = 4x?
y(1) =2 ,
, x2+1
Exact solution y(x) = —;
Problem 2:
Y =1-y*

y(0)=0,h=0.1

Exact solution y(x) = tanh(x)
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Table 1: Numerical Solutions and Approximate Errors of Problem L atK =5

X

Exact solution

K= 5 Grid Block R-K

K=5Hybrid Block R-K Errors at K= 5 Grid Block Errors at K = 5 Hybrid

Method Method R-K Method Block R-K Method
11 2.036446280991740  2.036437026986660 2.036446097592800  9.25400508x10°6 1.8339894x107
12 2.134444444444440  2.134439354710220 2.134444303705050  5.08973422x10°° 1.4073939x10”7
13 2.281715976331360  2.281709880999800 2.281715856230660  6.09533156x10° 1.201007x 10”7
14 2.470204081632650  2.470201155148380 2.470203978134010  2.92648427x10°6 1.0349864 %107
15 2.694444444444440  2.694434935769770 2.694444355091990  9.50867467x10° 8.845245x 1077
16 2.950625000000000  2.950616226870890 2.950624918991070  8.77312911x10°® 8.100893x 108
17 3.236020761245670  3.236013113404860 3.236020689730690  7.64784081x10°6 7.151498%10°8
18 3.548641975308640  3.548635071104030 3.548641911515640  6.90420461x10°6 6.3793x10°8
19 3.887008310249310  3.887002224964390 3.887008252995690  6.08528492x10°6 5.725362x108
20 4.250000000000000  4.249994170187140 4.249999948361170  5.82981286x10°° 5.163883x108
21 4.636757369614510  4.636752039898710 4.636757322614230  5.3297158x10°6 4.700028x10°8
22 5.046611570247930  5.046606726641960 5.046611527435600  4.84360597x10° 4.281233x10°8
23 5.479035916824200  5.479031476727760 5.479035877653560  4.44009644x10°6 3.917064x108
24 5.933611111111110  5.933607044922730 5.933611075136720  4.06618838x10°° 3.597439x108
25 6.410000000000000  6.409996217021300 6.409999966847650  3.7829787x10°° 3.315235x10°8

Table 2: Numerical Solutions and Approximate Errors of Problem 2 atK =5

X Exactsolution K= 5GridBlock R-K K =5 Hybrid Block Errorsat K=5Grid  Errors at K= 5 Hybrid
Method R-K Method Block R-K Method Block R-K Method

01  0.099667994624956  0.099667842156925 0.099667997591513 1.52468031x10~7  2.966557x107°
02  0.197375320224904  0.197375212238800 0.197375322877983 1.07986104x107 2.653079x107°
03 0.291312612451591  0.291312486795530 0.291312614981234 1.25656061x107  2.529643x10°°
04  0379948962255225  0.379948869788473 0.379948964619416 9.2466752x1078 2.364191x10°
05  0462117157260010  0.462117015227449 0.462117159402163 1.42032561x107  2.142153%x107°
06  0.537049566998036  0.537049593136490 0.537049567901442 2.6138454x108 9.03406x1071°
07  0.604367777117163  0.604367753533472 0.604367778001880 2.3583691x10°8 8.84717x1071°
08  0.664036770267849  0.664036781368525 0.664036771045971 1.1100676x10°8 7.78122x1071°
09  0.716297870199025  0.716297836292514 (0.716297870877112 3.3906511x102 6.78087x1071°
10 0.761594155955765  0.761594260500233 0.761594156551862 1.04544468x10~7 5.96097x107%0
11 0.800499021760631  0.800499085275385 0.800499022461743 6.3514754x10°8 7.01112x1071°
12 0.833654607012155  0.833654669699617 0.833654607592362 6.2687462x108 5.80207x1071°
13 0.861723159313306  0.861723205675963 0.861723159803198 4.6362657x1078 4.89892x10710
14 0.885351648202262  0.885351696888310 0.885351648613516 4.8686048x107° 4.11254x10710
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15 0.905148253644867  0.905148261876376 0.905148253986190 8.231509%10°8 3.41323x1071°

Discussion

This study uses two test problems: a linear and non-linear to validate the proposed methods. A comparison of the
results presented in Tables 1 and 2, shows that the hybrid block R-K methods converges faster than grid block R-K
methods for both cases.

Conclusion

Numerical experiments showed that the hybrid block R-K method achieves faster converges than the grid block R-
K method. Both methods showed computational speed. Overall, this study concludes that applying strategies to
block R-K methods can greatly boost the efficiency and accuracy of linear and nonlinear first-order ODEs.
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