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Abstract  

Multigroups is a non - classical algebraic structure which generalize group theory over a multiset which has been 

explored by many researchers and some results are established which are analogue to classical group theory. The 

notion of center, centralizer and normalizer in multigroup is studied in this paper to capture the notion of multiset 

since multigroup is a generalization of group theory and it will enhance further study on multigroup theory. It was 

established that center and normalizer of multigroup is a normal submultigroups and is the given multigroup if it is 

commutative.  
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Introduction 

The concept of multigroup over was established by (Nazmul et al., 2013) as an algebraic structure over a multiset 

that generalized the notion of group. The perspective is consistent with other non-classical groups (Rosenfeld, 

1971), (Shinoj et al., 2015), (Shinoj & Sunil, 2015) and (Nazmul et al., 2011). Researchers in (Awolola & Ibrahim, 

2016), (Awolola & Ejegwa, 2017), (Ejegwa, 2017), (Michael & Ibrahim, 2023) and many others have studied many 

properties of multigroup and its commutative nature. Ejegwa and Ibrahim, (2017) normalizer of submultigroups but 

it was proven to be a subgroup. In 2020, Ejegwa and Ibrahim, defined center of multigroup as a subgroup of the root 

set also and proved that center of multigroup is a group if the multigroup is commutative and, Gyam and Ogwola 

(2023) defined center of multigroup as a subgroup of the root set which contradict the generalization of group. In 

this paper, we propose the notion of center of multigroup, centralizer of submultiset and normalizer of 

submultigroups to capture multiplicity of objects in a set unlike what the earlier researchers proposed.  

 

Preliminary  

This section presents a fundamental definition on multigroups that will be used in the subsequent section of this 

paper. 

 

Definition 2.1 (Singh et al., 2007) Let 𝑋 be a set. A multiset 𝐴 drawn from 𝑋 is presented by a count function 𝐶𝐺 

defined as 𝐶𝐴 ∶ 𝑋 ⟶ 𝐷 = {0, 1, 2, 3, … }. For each 𝑥 ∈ 𝑋, 𝐶𝐴(𝑥) denotes the number of occurrences of the element 𝑥 

in the multiset 𝐴 drawn from 𝑋 = {𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛} will be as 𝐴 = [𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛]𝑚1,𝑚2,𝑚3,…,𝑚𝑛
 such that 𝑥𝑖 

appears 𝑚𝑖 times, 𝑖 = 1, 2, … . , 𝑛 in the multisets 𝐴. 
 

Definition 2.2 (Nazmul et al., 2013) Let 𝑋 be a group. A multiset 𝐴 over 𝑋 is called a multigroup over 𝑋 if the 

count function 𝐶𝐺 satisfies the following conditions; 

i. 𝐶𝐺(𝑥𝑦) ≥ 𝐶𝐺(𝑥) ∧ 𝐶𝐺(𝑦), ∀𝑥, 𝑦 ∈ 𝑋, 
ii. 𝐶𝐺(𝑥−1) ≥ 𝐶𝐺(𝑥), ∀𝑥 ∈ 𝑋. 
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Definition 2.3 (Nazmul et al., 2013) Let 𝑋 be a group and 𝐺 ∈ 𝑀𝐺(𝑋), then 𝐺 is said to be commutative or 

abelian if 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), 𝑥, 𝑦 ∈ 𝑋. 
Definition 2.4 (Nazmul et al., 2013) Let 𝑋 be a group and 𝐺 ∈ 𝑀𝐺(𝑋), the set  𝐺∗ ≔ {𝑥 ∈ 𝑋 ∶  𝐶𝐺(𝑥) ≥ 0} is 

called the root set or support of multigroup 𝐺. 
 

Definition 2.5 (Nazmul et al., 2013) Let 𝑋 be a group and 𝐺 ∈ 𝑀𝐺(𝑋), then 𝐺 inverse,  𝐺−1 ∈ 𝑀𝐺(𝑋) is defined by 

𝐶𝐺−1(𝑥) = 𝐶𝐺(𝑥−1), ∀ 𝑥 ∈ 𝑋. 
 

Definition 2.6 (Ejegwa and Ibrahim, 2020) Let 𝐺 ∈ 𝑀𝐺(𝑋). A submultiset 𝐻 of 𝐺 is called a submultigroup if 𝐻 

form a multigroup and is denoted as 𝐻 ⊑ 𝐺. A submultigroup 𝐻 of 𝐺 is called a proper submultigroup denoted 

by 𝐻 ⊏ 𝐺, if 𝐻 ⊑ 𝐺 and 𝐺 ≠ 𝐻.  
Definition 2.7 (Nazmul et al., 2013) A submultigroup, 𝐻 of a multigroup 𝐺 ∈ 𝑀𝐺(𝑋) is normal submultigroup if 

and only if ℎ ∈ 𝐻∗ ∶ 𝐶𝐻(𝑥ℎ𝑥−1) ≥ 𝐶𝐻(ℎ), ∀𝑥 ∈ 𝐺∗. 
 

Remark   In general, 𝐻 ⊑ 𝐺 if 𝑦 ∈ 𝐻∗ then  𝐶𝐻(𝑥𝑦−1) ≥ 𝐶𝐻(𝑥)  ∧  𝐶𝐻(𝑦)  ∀ 𝑥, ∈ 𝐺∗. 
 

Definition 2.8 (Ejegwa and Ibrahim, 2020) Center of Multigroup 

Let 𝐺 be a multigroup over a group 𝑋, then the center of 𝐺 is defined as  

𝐶𝐺(𝑥) = {𝑥 ∈ 𝑋 | 𝐶𝐺([𝑥, 𝑦]) = 𝐶𝐺(𝑒), ∀𝑦 ∈ 𝑋} 

Definition 2.9 (Ejegwa &Ibrahim, 2020) Let 𝐵 ∈ 𝑀𝐺(𝑋) and 𝐴 be a submultiset of 𝐵, then the centralizer of a 

submultiset 𝐴 of 𝐵 is the set 

𝑍(𝐴) = {𝑥 ∈ 𝑋 | 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥) and 𝐶𝐺(𝑥𝑦𝑧) = 𝐶𝐺(𝑦𝑥𝑧), ∀𝑦, 𝑧 ∈ 𝑋} 

 

Definition 2.10 (Ejegwa and Ibrahim, 2020)   Let 𝐺 be a group and 𝐴 be a subgroup of 𝐺, then normalizer of 𝐴 in 𝐺 

is 𝑁𝐺(𝐴) ≔ {𝑥 ∈ 𝐺 | 𝑥𝑦 = 𝑦𝑥, ∀𝑦 ∈ 𝐴} 

 

Proposition 2.11 (Gyam & Ogwola, 2023) Let 𝐺 ∈ 𝑀𝐺(𝑋). Then the centralizer of G denoted by 𝐶(𝑀) = {x ∈ 𝑋 ∶
 𝐶𝑀(𝑥𝑦) = 𝐶𝑀(𝑦𝑥), ∀ 𝑦 ∈ 𝑋} . 
 

Results 

Definition 3.1 Let 𝐺 be a multigroup over a group 𝑋 then the center of 𝐺, denoted by 𝐶(𝐺) is the submultiset of 

𝐺 generated by 

𝐶(𝐺) ≔ {
 𝐶𝐺(𝑥), if 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋  

0,                      otherwise.
 

Example 3.2 Let 𝑋 = {𝑔1 ,𝑔2, 𝑔3, 𝑔4, 𝑔5, 𝑔6, 𝑔7, 𝑔8} be a group under matrix multiplication for  

𝜌1 = (
1 0
0 1

) , 𝜌2 = (
0 −1
1 0

) , 𝜌3 = (
−1 0
0 −1

) , 𝜌4 = (
0 1

−1 0
),  

𝜌5 = (
1 0
0 −1

) , 𝜌6 = (
−1 0
0 1

) , 𝜌7 = (
0 1
1 0

) , 𝜌8 = (
0 −1

−1 0
). 

Therefore 𝐺 = [𝜌1
7, 𝜌2

2, 𝜌3
4, 𝜌4

2, 𝜌5
2, 𝜌6

2, 𝜌7
4, 𝜌8

5] ∈ 𝑀𝐺(𝑋), and 𝐶(𝐺) = [𝜌1
10, 𝜌3

7]  
 

Remark 3.3 obviously, 𝐶𝐶(𝐺)(𝑥) > 0 since ∃𝑥 ∈ 𝐶(𝐺)∗ | 𝐶𝐺(𝑥𝑥−1) = 𝐶𝐺(𝑒), ∀𝑥 ∈ 𝑋. 

 

Theorem 3.4 Let 𝐺 ∈ 𝑀𝐺(𝑋), then 𝐶(𝐴) ⊑ 𝐺. 
 

Proof Let 𝐺 be a multigroup over 𝑋 such that 𝐶𝐶(𝐺)(𝑥) > 0 since 𝐶𝐶(𝐺)(𝑥) ≤ 𝐶𝐺(𝑥), ∀𝑥 ∈ 𝐶(𝐺)∗ 

For any 𝑥 ∈ 𝑋, suppose 𝐶𝐶(𝐺)(𝑥) = 𝐶𝐺(𝑥) when 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋   then  

∃𝑧 ∈ 𝑋, | 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐺(𝑧) and 𝐶𝐶(𝐺)(𝑦𝑥) = 𝐶𝐺(𝑧), ∀𝑥, 𝑦 ∈ 𝑋   

Consequently, 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐶(𝐺)(𝑦𝑥), ∀𝑦 ∈ 𝑋  

Hence, 𝐶(𝐺) is a multiset and then for any 𝑥, 𝑦 ∈ 𝑋, 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐶(𝐺)(𝑥𝑦), ∀𝑦 ∈ (𝐶(𝐺))∗  

⟹ ∃𝑒 ∈ 𝑋 | 𝐶𝐶(𝐺)(𝑥𝑥−1) = 𝐶𝐶(𝐺)(𝑒), ∀𝑦 ∈ 𝑋   

⟹ 𝐶𝐶(𝐺)(𝑥) = 𝐶𝐶(𝐺)(𝑥−1) > 0, ∀𝑥 ∈ 𝑋   

Clearly, 𝐶𝐶(𝐺)(𝑥) = 0 ⟺  𝐶𝐶(𝐺)(𝑥−1) = 0 

Therefore it sufficient to show that, 𝐶𝐶(𝐺)(𝑥𝑦) ≥ 𝐶𝐶(𝐺)(𝑥) ⋀  𝐶𝐶(𝐺)(𝑦−1)  for 𝑥, 𝑦 ∈ 𝑋. 
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From Definition 3 .1 for any 𝑥 ∈ 𝑋, 𝐶𝐶(𝐺)(𝑥) ≤ 𝐶𝐺(𝑥), if 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋   

Suppose 𝐶𝐶(𝐺)(𝑥) = 𝐶𝐺(𝑎𝑏) =  𝐶𝐺(𝑏𝑎), 𝑎, 𝑏 ∈ 𝑋 and 𝐶𝐶(𝐺)(𝑦) = 𝐶𝐶(𝐺)(𝑐𝑑) =  𝐶𝐶(𝐺)(𝑑𝑐) 

𝐶𝐶(𝐺)(𝑥𝑦) ≥ {𝐶𝐺(𝑎) ⋀ 𝐶𝐺(𝑏)} ⋁ {𝐶𝐺(𝑐) ⋀ 𝐶𝐺(𝑑)}  

= 𝐶𝐶(𝐺)(𝑥) ⋀ 𝐶𝐶(𝐺)(𝑦). 

If 𝐶𝐶(𝐺)(𝑥𝑦) ≠ 0, then 𝐶(𝐺) is a submultigroup of 𝐺. 

 

Theorem 3.5 Let 𝐺 be a multigroup over 𝑋, then 𝐶(𝐺) ⊴ 𝐺. 
Proof Suppose 𝐶(𝐺) ⊑ 𝐺, then 𝐶𝐶(𝐺)(𝑥) > 0, 𝑥 ∈ 𝑋 for any 

𝑥 ∈ 𝑋, 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐶(𝐺)(𝑥𝑦), 𝑦 ∈ (𝐶(𝐺))∗  

 𝐶𝐶(𝐺)(𝑥−1𝑦−1𝑥𝑦) ≥ 𝐶𝐶(𝐺)(𝑥−1) ⋀ 𝐶𝐶(𝐺)(𝑦−1𝑥𝑦) 

Since ∃𝑥(𝐶(𝐺))∗  ∶  𝐶𝐶(𝐺)(𝑥𝑥−1) = 𝐶𝐶(𝐺)(𝑒) 

∴  𝐶𝐶(𝐺)(𝑥) ⋀ 𝐶𝐶(𝐺)(𝑥) = 𝐶𝐶(𝐺)(𝑥). 

⟹ 𝐶𝐶(𝐺)(𝑥𝑦𝑥−1) ≥ 𝐶𝐶(𝐺)(𝑦) 

Therefore, 𝐶(𝐺) is a normal submultigroup. 

 

Theorem 3.6 Let 𝐺 ∈ 𝑀𝐺(𝑋), then 𝐶(𝐴) = 𝐺 if 𝐺 is abelian. 

 

Proof Suppose 𝐺 ∈ 𝑀𝐺(𝑋) such that for any 𝑥 ∈ 𝑋, 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), 𝑦 ∈ 𝑋  

⟹ 𝐶𝐶(𝐺)(𝑥𝑦𝑥−1) ≥ 𝐶𝐶(𝐺)(𝑦), ∀𝑦 ∈ (𝐶(𝐺))∗ 

⟹ 𝑥 ∈ 𝑋, 𝐶𝐶(𝐺)(𝑥𝑦𝑥−1𝑦−1) = 𝐶𝐶(𝐺)(𝑒), ∀𝑦 ∈ (𝐶(𝐺))∗ 

Then for all 𝑥 ∈ 𝑋 we have 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), 𝑦 ∈ 𝑋 

Hence, 𝐶(𝐺) = 𝐺. 

Theorem 3.7 Let 𝐺 ∈ 𝑀𝐺(𝑋) then center of 𝑋 is 𝐶(𝐺))∗ 

Proof Let 𝐺 ∈ 𝑀𝐺(𝑋) and  𝑋 = 𝐺∗  such that  𝑍(𝑋) = {𝑥 ∈ 𝑋 | 𝑥𝑦 = 𝑦𝑥, ∀𝑦 ∈ 𝑋, and for all 𝑎 ∈ 𝑍(𝑋) ∃ 𝑎−1 ∈
𝑍(𝑋)  which implies that 𝐶𝐶(𝐺)(𝑥𝑦) = 𝐶𝐶(𝐺)(𝑥−1𝑦−1), ∀𝑥, 𝑦 ∈ (𝐶(𝐺))∗ 

Hence, (𝐶(𝐺))∗ = 𝑋. 

Theorem 3.8 Let 𝐺 be a multigroup over 𝑋 and 𝐴, 𝐵 ⊑ 𝐺 such that 𝐶𝐴(𝑒) = 𝐶𝐵(𝑒), 𝑒 ∈ 𝑋 then     𝐶(𝐴) ∩ 𝐶(𝐵) =
𝐶(𝐴⋂𝐵). 
Proof Suppose 𝑥 ∈ 𝐶(𝐴 ∩ 𝐵) ⟺ 𝐶𝐶(𝐴∩𝐵)(𝑒) = 𝐶(𝐴∩𝐵)(𝑥𝑦𝑥−1𝑦−1), for 𝑥 ∈ 𝑋 and  ∀𝑦 ∈ 𝑋 

⟺ 𝐶𝐴(𝑒) = 𝐶𝐵(𝑒) ⟹ 𝐶𝐴(𝑥𝑦𝑥−1𝑦−1) = 𝐶𝐵(𝑥𝑦𝑥−1𝑦−1) 

⟺ 𝑥 ∈ 𝐶(𝐴))∗ and 𝑥 ∈ 𝐶(𝐵))∗ 

Similarly, 𝐶𝐶(𝐴)(𝑥) ≠ 0 and 𝐶𝐶(𝐵)(𝑥) ≠ 0 ⟺ 𝐶𝐴∩𝐵(𝑥) ≠ 0 

⟹ 𝐶𝐶(𝐴)(𝑥) ∧ 𝐶𝐶(𝐵)(𝑥) = 𝐶𝐶(𝐴∩𝐵)(𝑒) 

Definition 3.9 Let 𝐻 ⊑ 𝐺 ∈ 𝑀𝐺(𝑋). The normalizer of submultigroup 𝐻 of 𝐺, denoted by 𝑁(𝐺) 

is the multiset of  𝐺 such that  

𝑁(𝐺) ≔ {
 𝐶𝐺(𝑥) if for any 𝑥 ∈ 𝐻∗, 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋  

0,                      otherwise.
 

Theorem 3.10 Let 𝐺 be a multigroup over 𝑋, then 

i.  𝑁(𝐻) ⊑ 𝐺, 
ii. 𝐻 ⊴ 𝐺, 
iii. 𝑁(𝐻) is normal submultigroup of 𝐺 with the highest multiplicity. 

 

Proof  

i. Suppose 𝐺 ∈ 𝑀𝐺(𝑋) and 𝐻 ⊏ 𝐺 such that ∀𝑥 ∈ (𝑁(𝐻))∗ then  𝐶𝑁(𝐻)(𝑥) = 𝐶𝑁(𝐻)(𝑥−1) > 0. 

𝐶𝑁(𝐻)(𝑥𝑦) = 𝐶𝑁(𝐻)(𝑦𝑥), ∀𝑦 ∈ 𝑋 

For any 𝑥 ∈ (𝑁(𝐻))∗ there exist 𝑥−1 ∈ (𝑁(𝐻))∗, 𝐶𝑁(𝐻)(𝑥𝑦)−1 = 𝐶𝑁(𝐻)(𝑦𝑥)−1. 
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⟹ ∀𝑥 ∈ 𝑋, 𝐶𝑁(𝐻)(𝑥−1𝑦−1) = 𝐶𝑁(𝐻)(𝑦−1𝑥−1), 

⟹  𝐶𝑁(𝐻)(𝑦𝑥) ≥ 𝐶𝑁(𝐻)(𝑦) ∧ 𝐶𝑁(𝐻)(𝑥−1). 

      Therefore, 𝐶𝐺(𝑥) ≥ 𝐶𝑁(𝐻)(𝑥), ∀𝑥 ∈ 𝑋. For any 𝑥 ∈ 𝐻∗, 

𝐶𝑁(𝐺)(𝑥) = ⋁𝐶𝐺(𝑥), 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋.   

ii. The result is obvious as Theorem 3.2 

iii. Similar to Theorem 3.5 

Theorem 3.11   Let 𝐺 be an abelian multigroup over 𝑋, then 𝑁(𝐻) = 𝐺. 
 

Proof Let 𝐺 ∈ 𝑀𝐺(𝑋) such that 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀ 𝑥, 𝑦 ∈ 𝑋. For any 𝐻 ⊑ 𝐺, we have 

∀𝑥 ∈ 𝑋, 𝐶𝑁(𝐻)(𝑥𝑦) = 𝐶𝑁(𝐻)(𝑦𝑥), ∀𝑦 ∈ 𝐻∗ 

Since 𝐻 ⊑ 𝐺, 𝐶𝑁(𝐻)(𝑥𝑦) = 𝐶𝐺(𝑥𝑦), ∀ 𝑥, 𝑦 ∈ 𝑋 

⟺ 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀ 𝑥, 𝑦 ∈ 𝑋. 
Hence, 𝐶𝑁(𝐻)(𝑥) =. 𝐶𝐺(𝑥), ∀𝑥 ∈ 𝑋. 

Proposition 3.12 Given that 𝐺 is a multigroup and 𝐴, 𝐵 ⊑ 𝐺, if 𝐴 ∩ 𝐵 then 𝑁(𝐴) ∩ 𝑁(𝐵) ⊑ 𝑁(𝐴 ∩ 𝐵)  

Definition 3.13 Centralizer of submultiset  

Let 𝐾 ⊑ 𝐺 ∈ 𝑀𝐺(𝑋). The centralizer of an element 𝑎 ∈ 𝐺, denoted by 𝑍(𝑎) is a multiset of  𝐺 generated by 

𝑍(𝑎) ≔ {
 𝐶𝐺(𝑎) if for any 𝑥  𝐶𝐺(𝑎𝑦) = 𝐶𝐺(𝑦𝑎), ∀𝑦 ∈ 𝑋  

0,                      otherwise.
 

Let 𝐾 ⊆ 𝐺 ∈ 𝑀𝐺(𝑋). The centralizer of submultiset 𝐾 of  𝐺, denoted by 𝑍(𝐾) is the multiset of  𝐺 defined by 

𝑍(𝐺): = {
 𝐶𝐺(𝑥) if for any 𝑥 ∈ 𝐾∗, 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋  

0,                      otherwise.
 

Clearly, 𝐶𝑍(𝐺)(𝑥) ≠ 0 since ∃ 𝑏 ∈ (𝑍(𝐺))
∗
 | 𝐶𝐺(𝑏𝑦) = 𝐶𝐺(𝑦𝑏), ∀𝑦 ∈ 𝑋 and for any  

𝑥 ∈ 𝐾∗, 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑦 ∈ 𝑋.   

 

Remark 3.14 Let 𝐾 ⊆ 𝐺 ∈ 𝑀𝐺(𝑋), then the following holds; 

i.  𝑍(𝐺) ⊆ 𝐺, 
ii. 𝑍(𝐾) = 𝐶𝐺(𝑥𝑦𝑥−1𝑦−1) = 𝐶𝐺(𝑒), ∀𝑥, 𝑦 ∈ 𝐾∗. 
iii. 𝑍(𝐻) = 𝐺 if 𝐶𝐺(𝑥𝑦) = 𝐶𝐺(𝑦𝑥), ∀𝑥, 𝑦 ∈ 𝐾∗ 

Conclusion 

The notion of commutative multigroup has been established with some results. Hence center of multigroup, 

centralizer of submultiset and normalizer of submultigroups is proposed in this paper alongside with some results to 

capture the multiplicity of the element to enhance further study of groups with multiplicity of elements 
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