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Abstract

Multigroups is a non - classical algebraic structure which generalize group theory over a multiset which has been
explored by many researchers and some results are established which are analogue to classical group theory. The
notion of center, centralizer and normalizer in multigroup is studied in this paper to capture the notion of multiset
since multigroup is a generalization of group theory and it will enhance further study on multigroup theory. It was
established that center and normalizer of multigroup is a normal submultigroups and is the given multigroup if it is
commutative.
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Introduction

The concept of multigroup over was established by (Nazmul et al., 2013) as an algebraic structure over a multiset
that generalized the notion of group. The perspective is consistent with other non-classical groups (Rosenfeld,
1971), (Shinoj et al., 2015), (Shinoj & Sunil, 2015) and (Nazmul et al., 2011). Researchers in (Awolola & Ibrahim,
2016), (Awolola & Ejegwa, 2017), (Ejegwa, 2017), (Michael & lbrahim, 2023) and many others have studied many
properties of multigroup and its commutative nature. Ejegwa and lbrahim, (2017) normalizer of submultigroups but
it was proven to be a subgroup. In 2020, Ejegwa and Ibrahim, defined center of multigroup as a subgroup of the root
set also and proved that center of multigroup is a group if the multigroup is commutative and, Gyam and Ogwola
(2023) defined center of multigroup as a subgroup of the root set which contradict the generalization of group. In
this paper, we propose the notion of center of multigroup, centralizer of submultiset and normalizer of
submultigroups to capture multiplicity of objects in a set unlike what the earlier researchers proposed.

Preliminary
This section presents a fundamental definition on multigroups that will be used in the subsequent section of this
paper.

Definition 2.1 (Singh et al., 2007) Let X be a set. A multiset A drawn from X is presented by a count function Cj;
definedas C, : X — D =1{0,1,2,3,...}. For each x € X, C4(x) denotes the number of occurrences of the element x
in the multiset A drawn from X = {x, x;, X3, ..., x,} Will be as A = [xq, X3, X3, .., Xplm, myms,..m, SUCH that x;
appears m; times, i = 1,2, ....,n in the multisets A.

Definition 2.2 (Nazmul et al., 2013) Let X be a group. A multiset A over X is called a multigroup over X if the
count function C; satisfies the following conditions;

i, CG(XJ’)ZCG(X)/\CG()’)' VX,yEX,

ii. Co(x™) =Cs(x), Vx € X.
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Definition 2.3 (Nazmul et al., 2013) Let X be a group and G € MG(X), then G is said to be commutative or
abelian if C;(xy) = C;(yx),x,y € X.

Definition 2.4 (Nazmul et al., 2013) Let X be a group and G € MG(X), the set G, :={x € X : Cz(x) =0} is
called the root set or support of multigroup G.

Definition 2.5 (Nazmul et al., 2013) Let X be a group and G € MG (X), then G inverse, G~ € MG(X) is defined by
Ce-1(x) =Co(x1),VxeX.

Definition 2.6 (Ejegwa and Ibrahim, 2020) Let G € MG (X). A submultiset H of G is called a submultigroup if H
form a multigroup and is denoted as H = G. A submultigroup H of G is called a proper submultigroup denoted
byHc G,ifHE GandG # H.

Definition 2.7 (Nazmul et al., 2013) A submultigroup, H of a multigroup G € MG (X) is normal submultigroup if
andonly if h € H, : Cy(xhx™1) = Cy(h),Vx € G..

Remark Ingeneral, HC G ify € H, then Cy(xy™) = Cy(x) A Cy(y) Vx,€G,.

Definition 2.8 (Ejegwa and Ibrahim, 2020) Center of Multigroup
Let G be a multigroup over a group X, then the center of G is defined as
Co(x) = {x € X| Co([x,y]) = Cs(e), Vy € X}
Definition 2.9 (Ejegwa &Ilbrahim, 2020) Let B € MG(X) and A be a submultiset of B, then the centralizer of a
submultiset A of B is the set
Z(A) = {x € X | Cz(xy) = Cs(yx) and C;(xyz) = C(yxz),Vy,z € X}

Definition 2.10 (Ejegwa and Ibrahim, 2020) Let G be a group and A be a subgroup of G, then normalizer of A in G
iSNg(A) =={x €G|xy =yx,Vy € A}

Proposition 2.11 (Gyam & Ogwola, 2023) Let G € MG (X). Then the centralizer of G denoted by C(M) = {x € X :
Cu(xy) = Cu(yx),Vy € X}.

Results
Definition 3.1  Let G be a multigroup over a group X then the center of G, denoted by C(G) is the submultiset of
G generated by
_ [ Ce(x),if Cs(xy) = Cs(yx),Vy € X
c(G) = .
0, otherwise.
Example 3.2 Let X = {g; g2, 93, 94, g5, 9s» 97, 9g} be @ group under matrix multiplication for

n=ly eml e=Co L=l )
p5=(0 —1)"’6:(0 1)’p7=(1 0)';)8=(—1 0)'

Therefore G = [p,7, p2°, p3* p4a® ps% p6*, P7* Ps°] € MG (X), and C(G) = [p;*°, p5”]
Remark 3.3 obviously, C¢)(x) > 0 since 3x € C(G). | Co(xx™1) = Cg(e),Vx € X.
Theorem 3.4 Let G € MG(X), then C(A) E G.

Proof Let G be a multigroup over X such that C¢ ) (x) > 0 since C¢(gy(x) < Cs(x), Vx € C(G).
For any x € X, suppose C¢(g)(x) = Cg(x) when Cs(xy) = Cs(yx),Vy € X then

3z € X, | C¢6)(xy) = C4(2) and Ce)(yx) = Cg(2),Vx,y €X

Consequently, Ccy(xy) = Ceqy(yx),Vy € X

Hence, C(G) is a multiset and then for any x,y € X, Cc)(xy) = Ce)(xy), Vy € (C(G)).

= Je € X | Ce)(xx™) = Cepy(e),Vy €X

= CC(G)(x) = CC(G)(X_l) >0,VxeX

Clearly, Cc(y(x) =0 & Cey(x 1) =0

Therefore it sufficient to show that, Cc(gy(xy) = Co) () A Ceey(y™) forx,y € X.
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From Definition 3 .1 forany x € X, Cc)(x) < Ca(x),if Co(xy) = C(yx),Vy € X
Suppose C¢(g)(x) = Cs(ab) = Cs(ba),a,b € X and Cp(y(y) = Ce(g)(cd) = Ceg)(dc)
CC(G)(xy) = {Cs(a) NCs(B)}V {Cs(c) N Cs(d)}

= Cc(c)(x) A Cc(c)()’)-

If Cce)(xy) # 0, then C(G) is a submultigroup of G.

Theorem 3.5 Let G be a multigroup over X, then C(G) 2 G.
Proof  Suppose C(G) E G, then C¢(6y(x) > 0,x € X for any
x € X, Coey(xy) = Cee)(xy), ¥ € (C(G)).

Ceeyx™ My xy) = Cogy(x™) A Coey (™ xy)

Since 3x(C(G)). : Cey(xx™) = Cepy(e)

 Ceey () N Cegey(x) = Cogey(x).

= Cee)(xyx™) 2 Coy(¥)

Therefore, C(G) is a normal submultigroup.

Theorem 3.6 Let G € MG(X), then C(A) = G if G is abelian.

Proof Suppose G € MG(X) such that for any x € X, C;(xy) = Co(yx),y € X
= Cee)(xyx™) = Coe)(¥), Yy € (C(6)).

= x € X,Ce)(xyx~ty™) = Ce(e)(e), Vy € (C(G)).

Then for all x € X we have C¢(gy(xy) = Cs(yx),y € X

Hence, C(G) = G.

Theorem 3.7 Let G € MG (X) then center of X is C(G)).

Proof LetG e MG(X)and X =G, suchthat ZX) ={x €X|xy=yx,Vy€X,andforallae Z(X)3a €
Z(X) which implies that C¢y(xy) = Cey(x~ 'y ™), Vx,y € (C(G)).

Hence, (C(G)). = X.

Theorem 3.8 Let G be a multigroup over X and A, B = G such that C,(e) = Cz(e),e € X then C(A)NC(B) =
C(ANB).
Proof Suppose x € C(A N B) < Ccnpy(e) = C(AOB)(xyx‘ly‘l), forx € Xand Vy € X

& Cy(e) = Cgle) = Culxyx~ty™) = Cplxyx~ty™)
< x € C(A)), and x € C(B)).

Similarly, C¢(4y(x) # 0 and Cgy(x) # 0 & Cynp(x) # 0

= Ceay(0) A Copy(x) = Cepanmy(€)

Definition 3.9 Let H = G € MG (X). The normalizer of submultigroup H of G, denoted by N(G)
is the multiset of G such that

N(G) = {CG(x) if for any x € H,, Ce(xy) =C;(yx),Vy e X

0, otherwise.
Theorem 3.10  Let G be a multigroup over X, then
i. N(H) C G,
ii. H=2G,

iii. N(H) is normal submultigroup of G with the highest multiplicity.

Proof
i. Suppose G € MG(X) and H = G such that Vx € (N(H)). then  Cygy)(x) = Cyan(x™1) > 0.
Cyvan(xy) = Cyan(yx),Vy € X
For any x € (N(H)). there exist x™* € (N(H))., Cyan(xy)™" = Cyn(yx) ™"
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= Vx € X, Cyan(x 'y ™) = Cyan (v '™,
= Cyan(x) = Cyan () A Cyan(x™h).
Therefore, Cs(x) = Cyy(x), Vx € X. Forany x € H,,
Crniy(x) = VCs(x), Cs(xy) = Cs(yx),Vy € X.
ii. The result is obvious as Theorem 3.2
iii. Similar to Theorem 3.5

Theorem 3.11 Let G be an abelian multigroup over X, then N(H) = G.

Proof LetG € MG(X) such that C;(xy) = C;(yx),V x,y € X. Forany H & G, we have
Vx € X, Cyapy(xy) = Cyany(yx), Vy € H,

Since H E G, Cyyy(xy) = C(xy),Vx,y €X

= Calxy) = Ca(yx),Vx,y €X.

Hence, Cyy(x) =.Cs(x),Vx € X.

Proposition 3.12 Given that G is a multigroup and A,B E G,if AnBthen N(A)NN(B) E N(ANB)

Definition 3.13 Centralizer of submultiset
Let K © G € MG(X). The centralizer of an element a € G, denoted by Z(a) is a multiset of G generated by
C;(a) ifforany x Cg(ay) = C;(ya), vy € X
Z(a) = ,
0, otherwise.
Let K € G € MG(X). The centralizer of submultiset K of G, denoted by Z(K) is the multiset of G defined by
C;(x) if for any x € K,, Ce(xy) = Co(yx),Vy € X
Z(G):= .
0, otherwise.
Clearly, Cz)(x) # 0since 3 b € (Z(G))* | C;(by) = C;(yb),Vy € X and for any

x € K., Cg(xy) = Cs(yx),Vy € X.

Remark 3.14 Let K € G € MG (X), then the following holds;
i. Z(G) € G,
ii. Z(K) = Cs(xyx~ty™1) = C;(e),Vx,y EK,.
iii. Z(H) =G if C;(xy) = C;(yx),Vx,y €K,

Conclusion

The notion of commutative multigroup has been established with some results. Hence center of multigroup,
centralizer of submultiset and normalizer of submultigroups is proposed in this paper alongside with some results to
capture the multiplicity of the element to enhance further study of groups with multiplicity of elements
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