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Abstract

This paper presents a structural analysis of stopping time in noncommutative probability theory within the context of
Fermionic Fock Space. In particular, the construction of conditional expectation and the introduction and analysis of
stopping times on an antisymmetric Fock space are undertaken using an increasing full right continuous filtered
antisymmetric Fock Space. The conditional expectation on the filtered Fock space is demonstrated to be completely
positive.
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Introduction

The theory of rings of operators on Hilbert space began in the 1930s with a series of papers by von Neuman 1936,
Murray and von Neuman 1937. They analyzed in great detail the structure of a family of algebras of operators which
are nowadays referred to as *-algebras (B*-, C*-, W*-algebra). Among these *-algebras, W*- algebra (von
Neumann) has the distinctive property of being rich in projection and closed in the weak operator topology. The
study of stochastic processes like conditional expectation and stopping times is of great importance in the quantum
probability theory, operator theory and quantum physics. For example, the quantum statistical description of the
dilation of the dynamic of a quantum open system. The notion of classical conditional expectation in probability
theory was first extended to the noncommutative probability theory by Umegaki(1954), he showed the existence of
conditional expectation when the von Neumann Algebra is finite. Later Umegaki (1956), Tomiyama (1957),
Umegaki(1958), Umegaki Nakamura (1961) and Takesaki (1972) studied conditional expectation in this direction.
Following the work of Evans (1979), Barnett, Streater and Wilde, (1983) constructed conditional expectation from a
CAR C*-algebra to it CAR C*-subalgebra and showed it to be a composition map.

Hudson (1979) introduced Quantum stopping time as a projection-valued process, and Parthasarathy and Sinha
(1987) extended the work of Hudson(1979) to the case of Boson Fock space. Barnett and Lyons (1986) introduced
stopping time in antisymmetric Fock Space. Other researchers like Barnett and Thakrar (1988), Barnett et al. (1996),
Attal and Coquio (2004) and Coquio (2006) further studied stopping times in Quantum Probability theory. Most
recently, Kang (2015) defined quantum stopping time in the Interacting Fock Space over L?(R*) and developed a
corresponding Quantum Stopping Time Stochastic Integral. In this research, we consider an increasing full right
continuous filtration of Fermionic Fock space in constructing conditional expectation and defining quantum
stopping time. This work tends to extend the work of Barnett and Lyons (1986) and that of Barnett et al. (1983) to
the Antisymmetric Fock spaces.

2.0 Preliminaries
We give some basic definitions and theorems that are known in the literature, taken from Sakai (1971), Bing-Hen
(1992) and Meyer (1993).

Definition 2.1: Let B(H) be the set of all bounded linear operators acting on a complex separable Hilbert Space H.
A C*- algebra U is a *-subalgebra of B(H) which is uniformly closed and has the property, ||x*x|| = ||x||? for all
x € U. A von Neumann Algebra M is an unital *-subalgebra of B(H) that is self-adjoint and closed with respect to
the weak operator topology.

Let ¢ be a linear functional on M, then v is said to be
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Positive: If (a) = 0forany € M*,

Faithful: ifp = 0andy(a) = Oimpliesa = 0, forsomea € M™*,

Normal: If a; — a implies (sup a;) = sup ¥ (a;) = Y(a),

State: ify = Oand ||| = 1,

Trace: ifYy = 0and Y (a*a) = Y(aa™), foralla € M,

Weight: ifp > 0and Y(la + b) = AP(a) + Y(b),forallA = 0,a,b € M*,
where Mt={a € M:a>0}.

Theorem (GNS Construction): Let U be an unital C*- algebra and let ¢ : U — R be a state. Then there exists a
triplet (Hy, myy,) Where

e my: U— B(Hy)isa*-representation of U, H,, being a Hilbert Space;

e QO € Hyand Hy, = myyp(M)Qy; and

o Y(a) = (myp(M)Qy, Q) foralla € M.

Definition 2.2: A fock space is the direct sum of the tensor product of Hilbert space, that is, F(H) := @5, H",
where H* = C and H" =®;:1 H; = HL Q@ H, ® H; ®...Q H,,.
A unit vector O € F(H) is called the vacuum vector.

Definition 2.3: Given f € H, we define the creation operator a* (f ): H* —» H"*! by
a(f)i®LB.Qfi=Vn+1fQ LB 8.0 fu
and the annihilation operator a(f ): H* - H"™! , n > 1hby
af)i® £ R.Q fu=Vvn (i) ®..Q f,,wherea(f): H® - 0 € F(H)

The Fermionic creation and annihilation operators satisfy the Canonical Anticommutation Relation (CAR)
l[a(f), a* (@] = {f.9) Lr)
[a(f) a(@] = [a*(f), a’(g)] = 0.
Where [a(f), a" ()] = a(f) a” (9) + a’(g9)a(f)

Definition 2.4: A CAR Algebra U over H is defined to be an unital C*- Algebra generated by elements a(f ) and
a*(f), f € H which satisfy the canonical anticommutation relation.

Definition 2.5(Evans & Lewis, 1977): Let T be a linear map from a *-Algebra A to x-Algebra B, let T,, denote the
product mapping T & 1, from M,,(A) into M,,(B), where 1,, denotes the identity mapping on M, (C) , that is
T, : [a;;] — [T(a;)]. T is said to be positive if it maps positive elements of A to positive elements of B and T is
completely positive if every T, is a positive map.

Definition 2.6 (Barnett et al., 1983): Let U be a CAR algebra over H and V be its CAR subalgebra. A conditional
expectation is a bounded linear map E;: U — V satisfying:

El E.(x) =xforallx eV,

E2 E.(xyz) = xE.(y)z,forx,z€eV,y €U,

E3 E:Ut >V

E4 E.(x)*E:(x) < E,(x*x), x€ U, ||E|| = 1.

Remark: Conditional expectation E; is a positive contractive bounded linear map which leaves the elements of the
subalgebra fixed and whose norm is one.

Definition 2.7(Barnett & Thakrar, 1990): Let M be a von Neumann Algebra acting on H, a stopping time t, is an
increasing family (q;).cg+ Of projections in (M,).
T: R* = (M), suchthat: 7 (t) = (q;) € (Mp)proj, fort € (0,)
7(0) = 0,7 () = I
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3.0 Results

In this section, we construct conditional expectations in filtered antisymmetric fock space and analyze stopping time
in the aforementioned space. We begin with the following definition.

Definition 3.1: Let U be a CAR algebra acting on separable Hilbert Space H and U, be a CAR subalgebra of
U acting on separable Hilbert Space H, c H. Then a filtration is a family {U, : t € R*} satisfying:
i. ift,s e Rfand0 < t < s then U, € U (Increasing),

ii. Ueso Uy = U (Full),
iii. Ngs;: U = U, (Right continuous)
and the family {H, : t € R*} satisfies the following conditions:
i. ift,s e Rfand0 <t < s then H, © H,

il UfEO Hf = H,
|i|. ﬂs>t HS = Hf .

Lemma 3.1: The identity mapping I: U, — U, is completely positive

Proof
The identity map I is positive since it maps positive operators in U, to positive operators in U;. To show that I is
completely positive, we let M,,(U;) = U, @M, be an n x n matrix with entries from U,. Then,
L=1®1,;: M,(U) — M,U,)
[a(f)ij] = [I(a(f)ij)]-
Since I(a(f)) = 0,then I(a(f);;) is also positive for all > 1. Therefore I is completely positive.
We now construct a mapping E;: U — U, with range in the filtered CAR algebra.
Let {U, : t € R*} be a Filtered CAR C*- Algebra over H, then U, is an associative, unital *-Algebra generated by
a(f) and a* (f), for f € H with a C* - norm [la(f)I| = lla*(H)Il = lIf]l, for f € H. Suppose ¢ is n invariant
quasi-free state on U, since ¢ is faithful, without loss of generality, the triplet (H; , =, Q) is the associated cyclic
representation of U, . Let 8 be an automorphism of U, defined as (a*(f)) = a*(f), f € H. Then ¢ is invariant
under £ and so in the *-representation m, f is a unitary operator, denoted by Y, with YQ = Q.
Suppose H" = H, @ H, @ ... @ H, and U, be a filtration of U, thenforany f =, ® f, D ... D f,.
We now define: U - U, ® B(H) as n(a(f; ®f;)) = a(f)®Y + 1@ (a(fy)).
Since a*(f) = a(f), set w(a*(f)) = w(a(f))*, then for f € H, mw(a(f)) and w(a*(f)) satisfies the
canonical anticommutation relation. And so, it follows that m extends to an injective *-homomorphism of U into
U; ® B(H™) which we also denote by m. By Lemma 3.1 above I is completely positive and the map from
&:B(H) — C is completely positive and so the map I @ & extends to an algebraic tensor product U, ® B(H™) to
define a completely positive map
0:U, ®B(H™) - U,
n(a(f)) = 0(m(a(f))) € U,

thatis 6omr = E,: U — U, isthe composition of = with 6.
Theorem 1: The map E; = o : U — U, is a conditional expectation in the filtered CAR C*-algebra.

Proof
Since both ¥ and 7 are bounded and positive maps, the E; is also positive and bounded which gives (E3).
Let x = a*(f))a" () ..a*(f)a(g)alg,) ...algn) for fi, for . fr 91, - 9n € Hy, from the fact that YQ = Q,
E:(x) = x, but such x generate U;, and so by linearity and continuity, we have E,(x) = x for x € U, proving (E1).
Now for x,z € U and y € U, E,(xyz) = E.(x)E;(y)E;(2) = xE.(y)z which gives (E2)
Similarly, for y € U, we have [|E,()II*> < llyll* = IIE.)I < llyll

= |lEl <1

Hence, E, is structure-preserving and ||E;|| = 1 proving (E4).
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Theorem 2: The conditional expectation E, : U — U, is completely positive.

Proof

From Theorem 1 above, E.:U* — U,* which implies E, > 0.

Let M, (U) = U ®M,, and M,(U,) = U, ®M,, .

Defining Ef* = E, ®1,: M,,(U) — M, (U,) as E*([u;;]) = [EP (w;;)],

since E, > 0, then [E*(u;;)] = 0 which implies ¥,[Ef*(w;;)] = 0, that is, E7* is positive for every n and hence,

E, is completely positive.

Let Pi:H = o' m”' I H, be the extension of E, onto H such that

P, (uQ) = E; (0Q.
Then, P, is an orthogonal projection on H.

Proposition 3.1: P, lies in the commutant of U,.

Proof. Let v € U, , u € U, then
P.(vu)Q = E.(vu)Q = E,(w)vQ
=vE,(wW)Q=vP,(w)Q.
Since u is dense in H, , the result follows.

Definition 3.2: Let (U,)p,,; denote the set of all projections in U, . A stopping time, , is an increasing family
(q¢)¢er+ Of projections in (Up)pyo;- o
7 R* = (Upproj
t—1(t) = q

such that: iT(t) =(q) € (Up)proj,for t € (0,00)
iit(0) =0
iii (0) = 1.

Definition 3.3: Let 7 = (q¢)¢eg+ and 0 = (1) g+ b€ two stopping times, then we define an order 7 < ¢ if and
only if r, < g, for each t.
Let g denote the set of all finite partitions of [0,0]. Thenfor T € g sayT = {t,,...,t,}, we define an operator

Prery On H asPyry = Xiz1(qe; — 9e-1)Pe; = Xiz10qe, Py,

Theorem 3: Let T (t) = (q;) € (Up)pro; be @ stopping time. Then

0] Py (ry Is an orthogonal projection,
(i) if T;, T, € g with T, arefinement of T, then Pr(r,y < Pr(ry),
(iii) if 0 = (.)¢er+ IS another stopping time with ¢ < o then P ;) < Py for T € .

Proof: See Theorem 2.3 of Barnett and Thakrar (1990).

Remark: From the above theorem, P_(ry is a decreasing family of projections, so we take the infimum and we have
the following definition.

Definition 3.4: Let 7 (t) = (q¢) € (Ue)pro; be astopping time, we define the time projection at = denoted by P;, as

n
P = infz Aqy, Py, = inf Py(p)
i=1
Theorem 4: For two stopping times 7,0 witht < o, we have P, < P,.

Proof: we just take the limit in theorem 3(iii).

4.0 Conclusion

In this study of noncommutative probability theory, conditional expectation and quantum stopping times were
studied in antisymmetric Fock space. The basic difference between this work and the existing one (Barnett et al.,
1993) is the use of Filtration of CAR Algebra. The study proved that the conditional expectation is a completely
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positive composition mapping, also using the filtered CAR Algebra the manuscript introduces stopping time as a
family of projections. The concept of time projection is also defined in the filtered CAR Algebra setting.
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